' ( ) Dot product

We've seen that we can add and subtract vectors, what could vector multiplication possibly mean? Today
we'll talk about one kind of vector multiplication: it takes two vectors and gives a scalar in return.

Definition. Let v = (v;,vg,v3} and w = (wl, wy,wah. Then
= MWy + Vatg + VaWs

is the dot product of the vectors v and w.

Here are some simple properties enjoyed by the dot product:

Theorem. Properties of the dot product:
(1) 0-v=v.0=0;
(2) v-w=w-v;
(8) for every sealar A, (Av) -w = A(v-w) =v.(Aw);
(4) u-(v+w)=u-v+u-w; and
(5) v-v=|v|*

Problem 1: Prove any one of the 5 properties above.
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Problem 2: Another useful property of the dot product is its geometric interpretation:

Thiyme vow = | vl [wl| cost
- 'Y va where 0 < # < 7 is the angle between v and w. Prove this identity in the followmg steps:
Vol (1) Draw a triangle from v, w and v —w and use the law of cosines (it’s in the front of your book)

‘ _ \h to write down an expression for |iv — w||%.
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(2) Using the properties of the dot product on the first page, write down a different expression for '
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(3) Compare the two expressions you wrote down to deduce v-w = ||v{| [lw|| cosd. Also, what's
true about the dot product of two vectors that are orthogonal (i.e., perpendicular)?
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Problem 3: Let v and w be two vectors. Suppose ||w|| = 5, that the sum of v and w is perpendicular .
to v and has magnitude twice that of v. Find the magnitude of v.
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