_ Conservative vector fields
There are a lot of theorems that allow us to conclude that a given vector field is conservative. Many of
" the theorems, though, have assumptions. We'll look at this now.
Recall F is conservative by definition if there exists a potential function V' so that F= VV

~ There’s also a theorem that savs if F is defined on an open connected region, F is conservative if and

. only it it’s path independent. This is our first example of an assumption. Take a second to think about why

this assumpt;on is reasonable in this context (suppose thé region wasn 't connected and i 1mag1ne 1ntegrat1ng

- .flom one.part. of the region to the other...). _ _

Problem--_l. P_rove the followmg statement: Suppose F = VV = (F'l., Fy, Fg)' is consei'vati've. Then
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'Problem 2 Does the other way work? Consider F = (—y/(z? +y2),$/($ +y oy

(1 ) SketchF Ai\ \MJ’ ueG‘nJ(j .
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- (3 ) Is F conservatwe'? Consider the unit circle with counterclockwise orientation, Can you argue
geometncaﬂy that F is orisn’t conservatwe'?
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(2) Does 5 = 827

“

§we>°




o,
Problem 3: We say a region D is simply connected if you carry out the f0110W1ng process without ever -

leaving D. Draw any a loop anywhere inside of D). Now shrink the loop (w1thout tearmg 1t) down L
to.a point. If your loop never leaves D, we say D is simply connected. -

- (1) E.g., the region on which the F of the previous problem is deﬁned is not ennply connected ‘ ﬁ
Why? .
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: (2) Draw three examples of regions that are simply connected and thlee that aren’t.
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- Problem 4 Here 8 the actual theorem. Let £ be a vector field deﬁned on a 51mp1y connected dorna,ln B
_ D HE satisfies the cross-partials condition on the previous page, then ol is conservatwe To g
: summarlze, Why doesn t problem 2 contradict this theOIem‘? Y L‘M"F ™A (} oy a,\ g; c‘“h \ Lmnaéu :
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(3—, B (—9@—) Prove if Fis conservatlve then V X F = 6 -
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Problem 6: What about the other way? This theorem is harder to prove and so we won'’t try Let.
F be a vector defined on all of 3@ whose components have continuous partial derlvatlves' o
If V x F =0, then F is conservative, fChoose a vector field you know is conservative, satlsﬁes the .
hypotheses of the theorem and use the theorem to show that it’s conservative. P
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B _ Problem 7 /j}k)w Wwe look at conservative vector fields geometrically.. Roughly speakmg, if a Vectcn o

- field  has¢fot ndency to “swirl around” the vector field should be conservative.
(1) Consider Fy = (z/(x® + y2),y/(= 21 4?), B = (—u.3), Fs = (1,0), Fy = (@w). Sketch these
- vector fields. : <U
) : ;J

(2) TWO Of them are conservatlve and two of them aren’t. Justily this statement geometrlcally {—md '
- see if it agrees’ Wlth my comment above about “swirling around?”.
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o (3) Now show it algebralcaﬂy :
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