Some useful facts about sequences:

Terminology: A sequence is an infinite list of numbers ag,ay,...,an,.... If you can find an expression for
an in terms of ay for & < n, you are said to have found a recursive description of the sequence. If yom
can find an expression for a, only in terms of n, you are said to have found the explicit description of the
sequence. The term a,, is called the general term.

Limit definition: A sequence {a,}. converges to a finite limit I if and only if for every € > 0 there exists an

“n{e) such that for ever n > n{e), we have |a, — L| <e.

Squeezing: If a, < b, < cifor all n and if {an}» and {en}» converge to the finite limit L, then {#,} converges
to L as well. Moreover if {a,}, tends to infinity, {b,}, does, too.

‘Weierstrass’s Theorem: A monotonic bounded sequence of real numbers is convergent.

Special kinds of Sequences: Here are some sequences that can be defined recursively but can also be written
down explicitly:

Geometric: Let a, = ra,_1. Then a, = a1r™

Arithmetic: Let ap = ap.1 + %k Then a, = a1 + (n — 1)k. :

Linear Recurrences: Let a, = b1ap.1 + b2an-s + -+« + brap—p (think, for example, of the Fibonacci
sequence). Let ’
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be the characteristic polynomial of the recurrence and let A:, ..., A; be its roots and let A; have multi-
plicity m;. Then there are some constants «;; so that ‘
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Note that the above is an explicit description of the recurrence. For the Fibonacci sequence Fp =0, Fy =
1 and Fp41 = Fy + Fp..1 note that P(x) = 22—z -1 (its roots are Ay g = (1++/5)/2). Then the above

says that
0
0 == F[) = &1p (0) )\(1) + agg)\g
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From this we deduce that oqg == —ag9 = —1//5. So we can write

By = 1/V5(((1 + VB)/2)" - (1 - VB)/2)™).
Some useful facts about series
Terminology: A series is an infinite sum of the form ag + a3 + ag + ... and is written Y ocg s
Definition: Let Sy = ag + a1+ -+ an. Then 3 0 a; = Hmn_o0 SN
Special kinds of Series: Here are some series whose behavior we can describe
Geometric Series: If [r{ < 1, 3 o, -

part = 7.
_ Telescoping Series: Consider ¥ ﬁj = 31— o7 Then Sy =1- 73 and limy 00 Sy = 1.
p-series: If p > 1, then ¥ n—lp converges. Otherwise, it diverges.
Alternating series: If lima, = 0, then Y (—1)"a, converges.
Divergence test: If lim, . a, # 0, the series ¥ a, diverges. If the limit is 0, we can't. conclude
anything.,
Comparison test: If 3" a, converges and 0 < b, < a,, then > b, converges. If } b, diverges and
0 < b, < an/, then 3" a, diverges.
Absolute convergence: If 3 |a,! converges then ) a, converges.
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1. Prove that every positive integer can be written as the sum oi}{‘:bonacm numbers
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2. Let k& be a positive constant. Suppose the sequence x; of positive reals has sum k. What are the possible values
for the sum of 227
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