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Math 202
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Final Practice Exam (calculator part)
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Check one: . (Dryden):
(Pile):
(Ryan):
Problem Points Score
1 30
2 25
3 25
4 20
5 20
6 25
7 15
8 10
9 10
10 10
11 10
Total 200
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Problem 1: As usual, you must show your work to receive full credit.
(1) (12 points) Find the Taylor polynomial of degree three around
a = 0 for the function

flz)=+v1—=.

(2) (10 points) Use your answer in part (1) to give approximate
values to \/% and +/0.9.

(3) (8 points) Which approximation in part (2) is more accurate?
Explain why, giving a rigorous mathematical justification (i.e.,
not just “my calculator tells me that this approximation is more
-accurate” ). '

(1) You can either take derivatives or use the first four terms of Hhe binomial seies
with p=% and -x substituted for x. We show the latter ymetihod

=< L
()" = e gx+ 2020 o 5(&—1;(‘2 2 s
3
SRR T Sk DUEE - ST
A=%D = 1+ 3 (0~ T (0 5 (0% = 1~ 3% Ex™- L x 3.

Thus
] ] LAY (LY -
(2) We wave VI = Ji-% ,sox=3 ond 7 (%) = 1-32(3) %(;) (%) =.110%.
Similarly, VBT = /1711, so x= 0.1 ard Hlo1)- 1-3(.0- % (o0~ (oo x A48T
2 .
(3) The second approk\maﬁoﬂ ‘s more accurate. We expect this, since the
polynomial is centered ot a=0 and X=0A1 is closer fo this center

Hon X=3,
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Problem 2: (25 points) A cone-shaped water reservoir is 20 m in di-
ameter across the top and 15 m deep. If the reservoir is filled to a
depth of 10 m, how much work is required to pump all the water to
the top of the reservoir? (The density of water is 1000kg/m3.)

| We stice the water Vorizontally into dreular slavs,
' / with each slab having thickness A
Ah We let h dencte the distance trom

Yne botom of the reservoir

Then vol (Slalp) = TTr2Ah , and we need o
- Find ¢ in terme of W, We use gimilar mmﬂgiesr
© 40y

) . z
15 r 1 in

I
So vol(siap) = T (Eh)*an= § Th2Ah,

(slab) = (& Th*ah)(1000)(1.5; ),
force (slab) \_,,Vafw Seaty Gy

work to move slab = (i'rr Q800 Ah)@ﬂ)@)
force. disince

15 m
fowm

- Thus -the “otal work o pump all fhe water o the fop 1S
Total work = [ (§ qs00he)i5-M)dh
r-a%00 J°(@sni-h?)dh

]
=T Y N

ago0 [on*- & |7

T a%00 [ 5000 - 2500 -0

T Q%00 - 2500 ® 842><10:r’ joules
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Problem 3: In this problem, you will be working with the differential
equation -
| y =y +ay.

We are interested in the solution that satisfies the initial condition

y(0) = L

(1) (10 points) Use Euler’'s Method with step size 0.1 to estimate
y(0.5).

(2) (5 points) Is your estimate an overestimate or an underestimate? -
Give justification for your answer using the slope field. You don’t
need to draw the slope field, but you should graph it on your
calculator and describe it as necessary to support your justifica-
tion.

(3) (10 points) Find the exact solution to this initial-value problem.

(1) Srep \ X \ opproximate y-value ] &y =slope - AX = (y+xy)(e.1)

© o \ 1 | (1toXoi) =.1

1 0.1 1.1 (1.1+ (o 1. O)o. 1) = . 121

2 0.2 1.2Z (1.22+ (0.2)(1.220) {0.4) ~. 146
3 los 1.3% 131 IO ~ 198

4 0.4 \ 1.%% (1.55+ (0.4X1.530(0.1) * . 21%F
EJG‘;—F 147

UsinS Euler's Method we estimaie \/(05’)2 1.9
(23 My estimate 1o an underestimate. The slope Feld shows Hhar the soluhon

r's met i ke us below The actual value .
cunes are concave up ., SO Euler's method will ta . .

(2) We use sepavation of variobles :
= Y00
dy _ [ |
J‘—;L = J(Hx)dx

\mlyl = ¥ %‘*c

x+ X e O

yl=¢e

g= AeXe™  (Amzef)

Uéimg e nthal condifion \/(o)=’l ai\fes
i=Ae%"= A

: : R %z
Lo Hhe exact son. 1% \/:e e ',
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Problem 4: (20 points) Find the area of the region bounded by the
curves y = cosx and y = cos® x between x = 0 and x = 7.

We beg;nv’l b\/ Smp‘m'n ng the 'regioﬂ :
We spht the reg‘son wiio 2 pieces,
jabeled T and T0.

Area (1) = j“:”' {cosx - cos*x)ax

Areg. (T) = [ (costx-cos x)dx

Se

Area(reaion] = Area (D) + Area (7)) = f?z (cos X-cosx Ay + L:; {cos?x—cosX)dxX.
Note that we need fo infegrate cos?x +wice! We can either use fthe 'ideﬂﬁ‘\‘\[l

5 ) . . . .

costy= HEEZ o do infegration by ports; ie.,

. ; , _ L i = L Lo ) :
Jcos"‘-xdx:J fasesix dxzﬂi,,.;ri?-_cos?_x\dx = L X+ Fgin 20O =B XY EsinxcosK+C

[cos?xdx = eosxsinxt fsinxdx= cosx gink+ [ (1-cos™) dx = cosx S +X ~ [costxd x
u=eosX  VI=cosx

= 2 fcostxdx = ¥+ cosxsnx+C
wi=-sinx Vv=snx

Jeostxd X = TR F OSSN C
Thus

. i _ w . e
Area. (region)= S osxdw = § 1 costrd ¥ o, costxdx~ S, cosxdx

. 4 . w w
(sin 2\ = (L x* Feimncosx |7 + (X ZsiNXCoS Xy, (sinx |,
(1-0) - (4 3+5 0-0)+ (4T+30-5%-z0)~ (0-1)
1-F-3-F+1-2]

I3

1i
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Problem 5: (20 points) Determine whether the improper integral given
below converges. If it does, evaluate it.

 tan~t g
3 dx
1 T

. We gsee that this inﬁ:aral 1S _imPrope,r at the upper limit, c:md__onty there
We decd with the indefinie 1ﬂ+€xjral Frst

Tou %

I 3T O S N S N
T dx = 2% Tz 5x1(1+x2) o
N ;
u= ‘h.lﬂ‘lx vi-_—,_ x—3 . use Paj"‘Ha_l ‘FYZLC:‘";OY}S[
1 = -1
wWegee  VET2E
i - ALB D
*2(1+x%) Xoox?

") multiply toth sides by x2(4+X%)
4 = Ax(1+x2)+ BUexD)+{(CxxD)x*

1= Axt Ax 3+ Bt Byl OE+DRT =@ (AXC) v x* (B0 A+ B

S AtC=0O B+D=0O A=0 B=1
= =0 D P=—1
Thus . | C 1 ‘
ijcm@) dx = f(x—z — i )dx s Ty T et
M . . e“(.‘
Now ler's Qe back o the orig'\mal wﬂﬁﬁra\ and put the pleces -rogerh
o™ i b dan'X
j:ioo waax dx = 1::2500 -3 ax
b
| —fan'x L -1 _ -1
- E:‘W(. 9—+Z(>< 'I"MX)L
1 . N —11 i i 4 .
- \\;n-:aa n%{g'”ﬁﬂiwlb""\—w + 5 Fgion ’l) -
| AR U »
= 0-0-3 7ty EtzYIA
= b I _TT {4
2 4 4 Z

Thus the integrol converges o £
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Problem 6: (25 points) Complete the following table and sketch the
graph of r = cos 30. Please label the nine points on the curve. Then
write an integral representing the area of the region enclosed by both
the circle r = 1/2 and one petal of the curve r = cos 38. You do not
need to evaluate your integral.

g 0 {w/6] w/4 | /3 | «/2 | 20/3 | 3=/4d | 57/6 T

Lt ol B 1]lo[ 1] %] ol-1

, (©051), (my-1)

(5% £,0), (3,00, (%,0)
30 1
We have

. . r/ W) ;
Areo (petal) = Zfo e 3 (cos 30)°dO = L “ os? 30 AO

e, 2 1N
Aven. inside petal, but outside circle = 2 f jqﬂws 36)"- £(x)" 4O
j:—iq (C_OS?-BQ _ %)d@

i}

where we found the upper bound as follows:
cos 30 =% » 30=IF 2 0=¥F

Thus the area{we want 1o find S Si-veﬂ b\/

A= T cosr30d0 = [ (cost3875)AO.
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Problem 7: (15 points) Determine whether the series given below con-
verges conditionally, converges absolutely or diverges. Be sure to
name any test(s) you use and verify that the series satisfies all nec-

essary hypotheses.
o0
Z n2gn

(23) Z 5" S et
We note Hhat 2 perie 5’ 25“,2“_1”—_2 gL
=4 fiEq n=q n 5 1=
Since (%) grows larger as N increases, we suspect tact this
sexies diverges. We confirm this via the Ratio Test:

tin gt 5%} 2 lim n* = 3;_‘;\ = 5 5 1
300 i (nM)EL. AL 5 e ntI2nrd (o) 9

Since The result is bigger than 1, our series diverges.



Problem 8: (10 points) Compute

. 15
L, V3,
2 2
and express your answer in the form ¢ + bi for real numbers a and b.
We have r= V@02 =VE+5 =J1 =1, Now
It
3

. ,, 3B =
c0s0=2=% sino-% = 0=3%,

so 5+B (= 4.e™ Thus
(5+B )%= ()%= Pt = ™ =(os BT+ (SN BT =~1+0L.

Hence (443 )%--1

Problem 9: (10 points) Imagine rotating the triangular region shown
below around the z-axis, the y-axis and the line z = 6. Select the
list which gives the three volumes in increasing order. .

4
3.5
3
2.5
2
1.5
1
0.5

1 2 3 4 5 6

| - The volume depémds on the d_is:mnce,
$'aXis= y-axis, & =6 $rom the axis of rotation 1o the tiangle,
(b) z-axis, & = 6, y-axis, since wolume increases with “vadius.”
The fnangle 15 1 unit From the x-aas,
7 units Hrom the \/wax{s, and ot
least 2. unitd from X=0.

(c) y-axis, z-axis, x =6

(d) y-axis, x = 6, z-axig

(e) z =6, r-axis, y-axis
)

(f) = =6, y-axis, s-axis
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Problem 10: (10 points) One of the two pictures below corresponds
to the differential equation 3’ = y ~— = and the other to ¢ = ¢° — 2°.
Identify which is which. Also, on the first one, sketch the solution

that satisfies the initial condition y(0} = 1.

PHEhT ey L vt eaglie e ey ..
ff.l'ffff R Plv e e e e5le e v e e .
;55;1’;‘} ______ j!lll'fi'JJffff.’ rrrrrr N

T F e ile flomwo o o 0 o o L B .
Fifrteeeerd/s . . on [ BN AR PR, \:
frdreeee Vo oo . s LR £ .
fl b srer ole o ool (RN L T N
[ A AV R - Ch Ay L S P Vo
AN NN PN NN L LT (RN P vy
N AR TR Y [ T SR SN Vv oy
-ﬁ"("-:’""-*‘»\‘!.\\\\.ﬂ, ..;z:: —t 10 %44 3
Y AR TR, R RS
- &, N NN Y P
[ R R R TONMMAMAAG [ Y o)
A . TN AMAAA Cee e, B N v
SRS SRR SRS RN (R EES SREE
P e \\\\\;‘{{:} L Y N T
I NN \“\'\\\‘L‘\.". ‘ |||a||||\'i'i\sl,$‘
- e VARV ALY SRR S I b | SRR B AR S A O

gley3_yu3
VAR B

(Hnis Pidure has steeper slopes
as x| increases)

<
1
-_,<'.
|
X

Problem 11: (10 points) If 372, ¢, (4)" converges, then

.En " o cn(—4)" must converge.
(b) 32 4 cn(~4)" may converge.
(¢} > omepcn(—4)" must diverge.
Apply the Ratio Test 10 3. ca-4Y and get 4 W |25] . But this
ic the .Same EXPTES%:OVI we would get from applying the Redio
Test To Zea(d)" , S0 if Hhat series converges , S0 must

=g

L OUr new sevies |




