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The Clebsch-Gordan Problem

Decompose into irreducibles the tensor product of two irreducible
representations of a (finite reductive) group G:

Vi ® Vi =@ m;,Vy
A

o The general linear groups, GL,(C): The multiplicities, m), ,, are
the Littlewood-Richardson coefficients 7, .

o The symmetric groups, &,,: The multiplicities m, ,, are the
Kronecker coefficients g3, ,,.



Kronecker product of symmetric functions

The Frobenious map identifies irreducible representation V of the
symmetric group with the Schur function s,. Accordingly, the Kronecker
product of symmetric functions can be defined by

_ A
Su* Su =) _ 9p.uS\
)



Stability of the Kronecker product

Murnaghan (1938, 1955) observed that the Kronecker product of Schur
functions s, * s, stabilizes when incrementing the first parts of A and L.

$220 % 822 = S4 + 81,1,1,1 + 52,2

$32 % 832 — S5+ 821,11 + 832+ 841+ 8311+ 5221

S42 % S42 = S6 + 5831,1,1 + 2842+ 851+ 54,11 + 28321+ 5222

$52% 852 = 87+ 841,11+ 2552+ S6,1 + 55,11 + 25421+ 8322+ 543+ 5331

862 % S62 — Sg+ 551,11+ 2862+ 571+ 561,11+ 25521+ 5422+ 553+ 5431+ Sa4
S72% 872 = S9+ S6,1,1,1 + 2572+ 881+ 57,1,1 +2S62,1 + 5522+ S6,3+ 5531+ S5.4
Se2 * Se2 = Se 9 Se,1,1,1 + 230,2 + Se,1 + Se,1,1 + 230,2,1 + Se,2,2 + Se.3 + Se,3,1 + Se .4



Murnaghan’s Theorem

If « = (a1, 0,...,a),then an] = (n — |a|, a1, ..., ar).

Theorem: There exists a family of non-negative integers (§Zé 6)
indexed by triples of partitions («, 3, ) such that, for o and 3 fixed,
only finitely many terms §3/4/3 are nonzero, and for all n > 0O,

Saln] * 58[n] = %3 To3541n]

Note: s, = det(hui—l—i—j)lg,i,jgn'

$22% 822 = S84+ 511,11 + 2822+ 531+ 521,11+ 25121+ 5022+ 51,3+ 5031+ S04



Reduced Kronecker coefficients

Definition: Given any three partitions, «, 3, and -, the sequence

v[n]
(9ain],Bln)

Is eventually constant. The reduced Kronecker coefficient §Zé 3 IS
defined as the stable value of this sequence.

k41,2211 B
(90 55333 .2)) = (17,119,256, 305,308, 308, . ..)

and

_(2727171)

9(3.21.1),(3,2,2) — 308



Kronecker coefficients from the reduced Kronecker coefficients

Let A = (Ao, A3, .. ) = Al

Theorem:
(p)l(v)

Ik
gﬁ,y: Z ( 1)Z+1 ga~

where AT is the partition obtained by removing the i-th part and
adding 1 to the first « — 1 parts.

(A1,A2,23) _ =(A2,03) —(>\1+1 A3) —|- —(A+1,41) —(>\1+1 Aot+1,)341)
I pin i) ) — I(pa) ) — I(pi) () 9 () (1) 9 () (1)




Stabilization of Saln] * S8[n]

Question: It is natural to ask about the index n at which the expansion of

Sa[n] * S3[n) Stabilizes.

Definition: Let V' be the linear operator on symmetric functions
defined on the Schur basis by V'(s)) = sy, (1) for all partitions A. Let
« and (3 be partitions. Then stab(«, 3) is defined as the smallest
integer n such that s, 1] * St = V" (Sa[n * s5ln]) for all

k > 0.

Let « = 3 = (2) then stab(«, 3) = 8.



Value of stab(«, 3)

Theorem: Let o and S be partitions. Then

stab(a, B) = |a| + |B| + a1 + 81

To prove this theorem we first show that

stab(a, 8) = max {|7| + 1 | v partition s.t. 97346 > O}



The width of + for Kronecker coefficients

anB = (min(ag, B1), min(asz, B2),...)

Theorem: [Klemm, Dvir, Clausen-Meier] Let o and 3 be partitions
with the same weight. Then

max {71 | v partition s.t. ggﬁ > O} = |a N B|.




The width of + for reduced Kronecker coefficients

Theorem: Let o and 3 be partitions. Then

max {71 | v partition s.t. ggﬁ > O} = |aN G| + max(aq,51)-

We use the following more general theorem for part of the proof:

Let E;a denote the partition obtained by removing the :-th part from «.

Theorem: Let o and 3 be partitions. Then




Max and Min for |~

Theorem: Let o and S be partitions. We have

max {M | v partition s.t. 535 > O} = |a| 4+ |3]
min {|~| |y partiton s.t. 3] 5 > 0} = max(|al,|8]) - lan gl




Bounds for the rows of ~

Corollary: let o and 3 be partitions and 7 and j positive integers such
thatk =74+ 5 — 1. Then

max {%M partition s.t.ggﬁ > O} < min (|Ez-a NE;B| + o; + 6, [|a| : |5|D




Example

Let oo = (2) and 3 = (4, 3, 2), then the first row of the table are the
nonzero values of v;. and the second row are the upper bounds given by
the Corollary

k 112|345
max valuesfor~, |6 |4 |3 |2 | 1
bound for v, 65322
In the case that o = (3,1) and 8 = (2,2) we get
k 112|13|4|5|6

max values for~, |6 |3 | 2| 1
bound for v, 61422




About the proofs

) _ )
Ca,By = %:Ci,ﬁ%ﬁ (1)

Lemma: Let o, 8, v be partitions. Then gg,ﬁ is positive if and only if

there exist partitions 6, ¢, ¢, p, o, 7 such that all four coefficients gge,

o B Y 4
C5 o1 Cep,T and Ce po are positive. Moreover,

e q v
ga76 T Zg&ecgaﬂ-cgpﬂ—cc,p,d (2)




Stability of Kronecker coefficients

From Murnaghan’s Theorem we know that each particular sequence of

Vof 7([n] " - —y :
Kronepker coefficients Iain].Bln] stabilizes with value 9a.5 possibly before
reaching stab(a, 3)

Definition: Let «, 3, v be partitions. Then stab(«, 3, v) is defined as

the the smallest integer IV such that the sequences a[N], G[/N] and

~[N] are partitions and gg%:;]] Bln] = g gforalln > N.

Problem: What is stab(a, 3,~) in terms of o, 3 and ~?



Brion’s and Vallejo’s bounds

Mp(e, B;7v) = |a| + 8] + 71,

Ny max{ja| + a1 — 1,18+ 81— 1, ]} Has
ey = "Y'+{ max{jo| + a1, ) fo=p

Then, Brion’s bounds is

NB — min{MB(avﬁ; 7)7 MB(O{,’}/; 6)7 MB(/Yaﬁr Oé)}

and Vallejo’s

NV — min{MV(a7 Br ’7)7 MV(CV771 /8)7 MV(’%ﬁr Oé)}



Technique for finding bounds for stab(a, 3, )

Lemma: Let f be a function on triples of partitions such that for all 7,
f(a, B,7) > fe, B,4).
Set
Mf(aaﬂf')/) — |,7| _I_ f(()é,,@,’?)

and assume also that whenever yl 3> 0,

M(a, B,v) = max (|la| + a1, [B] + B1, [v[ + 1) -

Then whenever g 5> 0,

stab(a, 3,7) < My(a, 8,7).




Examples of functions f in Lemma
(1) f(a,B,7) = |a| + (8] — |7].
(@) f(e,B,7) =lanp|l+ a1+ B1.
@) fla,B,m) = 3(lal+ 8] + a1+ p1 — |7]).

Remark: Using the first function and our lemma we obtain Brion’s bound.



Our First Bound for stab(o, 3, v)

Using f(a, 3,7) = |an 8| + a1 + B1 and the theorem on the width of
the reduced Kronecker coefficients we obtain:

Theorem: Let M (o, B;v) = |y| + |an B| + a1 + B1 and
N1(o, 8,7) = min{M1(c, 8;7), M1 (e, 7; 8), M1(B,v; a)}
Then

stab(c, 8,7) < N1(«o, B,7).




Our Second Bound for stab(«, 3, )

Using f(a,3,7) = 3(Ja| 4+ 18] + a1 + B1 — |7|) and the theorem for
stab(«, 3) we obtain:

Theorem: Let

o+ 18+ v+ +B1+m
2

where [x] denotes the integer part of z. Then

stab(o, 3,7) < No(a, 3,7).

No(a, B,7) =




N1 is better than Ng and Ny,

Proposition: Let «, 38, v be partitions, then N1 («, 8,7) < Ng(a, v, )
and N1 (o, 3,7v) < Ny (a, 8,7).



Comparing N> to Ng and Ny,

o leta=(2,1)and 3 = (3,1),
ifv=(3,1),then Ny = 10 > N, = 9 and
if v = (3,2,2) then Ng = 10 < N, = 11.

o leta=1(2,1),86=(3,1)and vy = (3,2,2), then
Ny =11 < Ny = 12.
If || = |G| with a1 = B1 and v = (1), then Ny, < No.



Another Example
fa=1(3,2),8=(2,2,1),y = (2,2), then stab(«, 3,v) = 10, but

Np(a, B,7) = Ny(a, 8,7) = N1(o, 8,7) = 11.
But, No(a, 8,v) = 10.



Thanks!



