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Quantum Polynomial Ring

1 -1
-A(n; CI) = (C[qi, q5]<X171, s ,Xn,n>

such that the following relations hold

1

Xi 0 Xi.k = q2X; kXt
1

Xj kXik = q2Xj kXj k

Xj kXi 0 = Xi0Xj k

1 =il
X eXi k = XikXj,0 + (G2 — q2)Xi 0 ks

forallindices 1 <i<j<nand1<k</{<n.




Grading

FACT

The quantum polynomial ring has a Grading by degree

A(n; q) = D Ar(n: ),

r>0

where A,(n; q) consists of all degree r polynomials.




Multigrading

FACT

There is a finer multigrading by pairs of multisets

Alma)=F @ Amna).

>0 LM
IL|=|M|=r

Example

| A

X3, € Auran(n; q),
x1,1X1,2%2,3 and x1,1x13x22 € A112,123(n; q),
while all three belong to A3z(n; q).




Immanant Space

Let [n] ={1,...,n}.

Definition

The Immanant Space is defined as

Afn 1) (1 9) = span{xt,yy -+ Xny, | v € G}
= span{x®" | v € &,}.

We call the set of monomials {x*" | v € &,} the natural basis of
the immanant space.



More on the Immanant Space

For any fixed u € &,

Al [ (7::@) = sPan{Xuy 1 -+ Xupvy | v € S}
= span{x"’ | v € &,}.

For n = 3,

A123,123(3; Q) = Span{X3,1X2,2X1,37 X3,2X2,1X1,3, X3,1X2,3X1,2,
X32X23X1,1, X3,3X2,1X1,2, X3.3X2,2X1 .1}
= span{x"®" | v € &,}.




Importance of Immanant Space

In some sense, all multigraded components A; p(n; q) can be
understood in terms of the immanant space A(,} (,(n; q).

What is the transition matrix relating {x"¥ | v € &,} for fixed u
and {x*¥ | v € &6,}7




p-polynomials

Definition

Define the polynomials p, ,.w(q) by

-1
Z puvw q2 - q2)Xe7W'

w>u—1lv

It turns out p, v w(q) € N[q], which we can see by looking at the
relations.

Example

213,213 1 -1
X = X22X1,1X33 = X1,1X2,2X33 + (g2 — q2)x12X0,1X3 3

123,123 L 123,213}
x + (g2 — 47)x

Thus, p213213,123(q) = 1 and p213.213213(9) = q.




A combinatorial interpretation

Theorem

Fix s;, - --s;, a reduced expression for u, then the coefficient of ol
in pu,v,w(q) is the number of sequences
(7@ = v, 7MW . 7O = w) of permutations such that

o V) e {sijw(jfl),w(jfl)} forj=1,...,4,

e U) = S,'J.T('(-j_l) ifs,-j7r(j_1) > 7U-1),

© V) = 7U-D for exactly k values of .




Bar Involution

There is a certain map which comes up in the study of quantum
groups called the bar involution. The bar involution on
Aln),[n(n; q) is defined by

Definition

XU17V1 e Xun,Vn - XUmVn e XU17V17

because wou = u, - -- u; we can say

XU,V = xWou,Wov



More on Bar Involution

FACT

{x&V | v € &,} is a basis for the immanant space because it is
{x"owov | v € &,}.

123,132 _ 321,231

1 1 1 =1
_ X123’132 + (q5 o qi)(X123’231 +X123’312) 4 (q§ o q§)2X123,321

v




Application

What is the transition matrix between {x®V | v € &,} and
{xV|veB,}?

This is a special case of the previous theorem,

1 =il
ev — E > >\ 8w
X0 = pwo,wov,w(q2 q2)X .

w>v

The bar involution is related to (inverse) Kazhdan-Lusztig
polynomials.



