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ABSTRACT. We study the commutation relations and normal ordering between
families of operators on symmetric functions. These operators can be naturally
defined by the operations of multiplication, Kronecker product, and their ad-
joints. As applications we give a new proof of the skew Littlewood—Richardson
rule and prove an identity about the Kronecker product with a skew Schur
function.

1. INTRODUCTION

The theory of symmetric functions is rich in identities involving Schur functions.
The ubiquity of Schur functions is due, among other reasons, to their roles in repre-
sentation theory, Schubert calculus, and to their beautiful combinatorial definition.

Some of these identities admit an elegant interpretation as a “normal ordering”
relations between pairs of operators related to Schur functions. An example is the
following identity due to Foulkes:

Dgs(fg) = Y. &8 ,Dr(f)Dulg),
A p

where Dg is the adjoint of the operator Ug of multiplication by the Schur function
53, and the cf ., are the Littlewood—Richardson coefficients. As we will see, Foulkes’
Identity can be rewritten as

DpUs = | ik, R, | UuD, .
mro XA
Here, we are given two families of operators, and we decompose their products as
linear combinations of products of operators in the reverse order. Just like in the
normal ordering problem for creation and annihilation operators in physics.

In this paper, we consider six normal ordering relations (Theorem and Corol-
lary between pairs of operators involving: Uy, Dy, and the operators K, that
corresponds to the Kronecker product with the Schur function sy, and K, that
map any homogeneous symmetric function f of degree n to its Kronecker product
with s(,_|x,»)- Note that the operator K ) has been previously studied in [6] and
[15].
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The operators U(;) and D) are known to satisfy the commutation relation
DuyUny = UgyDy + 1. In [14], Stanley built on this relation to define differential
posets. Later on, Ira Gessel [5] found the commutation relations for the operators
Dg, and U, indexed by one row and one column partitions. We generalize Gessel’s
commutation relations, and obtain that

[Dg,Us] = Z Ua/aDp/\ = Z (1)1 Dg 3 U
A#(0) A% (0)

In [3], Fulman demonstrates that these sorts of commutation relations are also
well suited for analyzing the convergence rate of certain Markov chains.

The proofs presented in this article build on the generating functions of the
considered families of operators, and operations on alphabets (“\-ring formalism”).
This approach gives us a powerful and uniform tool that we hope clarifies the source
of these relations.

We present two applications of our identities. The first one is a proof of the
skew Littlewood—Richardson Rule, a combinatorial rule that gives the product of
two skew Schur functions as a linear combination of skew Schur functions, based
on counting Young tableaux (Theorem [7.3). This rule was conjectured in [I], and
proved in [§]. Our proof relies on the normal ordering relation that decomposes
the products U, Dp as linear combinations of products of the form Dg/\Uqy . It
generalizes the algebraic proof given by Thomas Lam of the skew Pieri Rule (a
particular case of the skew Littlewood-Richardson Rule) in the appendix of [IJ.
Indeed, Lam’s proof relies on the same normal ordering relation, in the particular
case of 8 having only one part.

The second application exploits our normal ordering relation for the products
K,D,. We extend the combinatorial rule for the expansion in the Schur basis of
the Kronecker product of s(,_1 1) with a Schur function, to the Kronecker product
of 5(,—1,1) with any skew Schur function (Theorem . Additionally, we give a
different, combinatorial, proof of the same result. In [4], Ira Gessel considered the
Kronecker product between Schur functions indexed by zig-zag shapes, that are
particular instances of skew shapes.

The remainder of the paper is structured as follows. In Section[2] we present nec-
essary background on the operators Uy, Dy, Ky and K. In Section |3, we present
the statements of our six normal ordering relations, along with their connections
to each other and to results in the literature. The proofs of these six identities,
and the necessary background for the proofs, appear in the first five subsections of
Section 4] In Section |5, we study whether our identities give the unique way of per-
forming the normal orderings, while in Section@ we show that Ff is in the algebra
generated by U, and Dy Sectionm contains our first application, specifically a new
proof of the skew Littlewood—Richardson rule, along with an algebraic derivation of
the algebraic version of the skew Littlewood-Richardson rule. We close in Section[g]
with our second application, which is a combinatorial expression for the Kronecker
product of a general skew Schur function and s(,,_1,1)-

2. PRELIMINARIES

We follow Macdonald’s book [II] as our main reference for the theory of sym-
metric functions, with the exception that we draw our Young diagrams the French
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way. For the approach to symmetric functions using operators on alphabets we
follow Lascoux’s book [9], and the work of Thibon et al. See [13], [I5] and [16].

Let Sym denote the algebra of symmetric functions with rational coefficients,
with respect to ordinary multiplication, and equipped with the scalar product, | ),
that makes the Schur functions orthonormal. We also consider a second product on
Sym, the Kronecker product, defined on the power sum symmetric functions, py, by
D * Py = 2x0x,uPx, Where dy , is the Kronecker delta and zy = 1™1m4!12™2my! - -
with m; the multiplicity of 7 as a part of X\. For more details, see [II], p. 115-116].

For any symmetric function f, let Uy denote the operator defined by multipli-
cation by f, and let Ky be the operator defined by Kronecker multiplication by f.
That is,

Ue(g) = fg,  Ks(g) =[xy

For simplicity, given any family of operators Py indexed by symmetric functions, we
write Py (respectively Py/,) instead of Ps, (resp. Ps,, ) when the indexing function
is a Schur function sy (resp. a skew Schur function sy/,). If u is not contained in

A, then P/, is multiplication by zero.
In this setting, Pieri’s rule is the statement U(,)(sx) = 3] s5, where we sum over

all \ such that 3\/ A is an n-horizontal strip, meaning that 3\/ A is a skew shape with
n boxes having at most one box in each column. On the other hand, K(,)(sx) = sx
if A  n, and zero otherwise.

More generally,

A
U#(SV) = Z CuvSXs K,u(su) = Z Gu,v, S\
Ablpl+v| A=l

where the coefficients c;\w are the Littlewood-Richardson coefficients, and g, ., x
are the Kronecker coefficients.

Let Dy be the adjoint operator to Us. This operator is denoted by f* in Mac-
donald’s book. The operator Dy is the “skewing” operator: Dx(s,) = s,/ for all
- _

Finally, we introduce the operator K. Letting A be a partition and g be any

homogeneous symmetric function of degree n, we define

?A(Q) = S(n—|A|,\) * 9 -

Here (n — [Al,A\) = (n — |Al; A1, A2,...) is a sequence of integers, but it is not
necessarily decreasing when n is small. We define s(,,_||,x) by means of the Jacobi—
Trudi formula:
S(ar,am,man) = d€t(Pa,4j—i)ij=1..N

where hj are the complete homogeneous sums for £ > 0, hg = 1 and hx = 0 when
k < 0. This determinant coincides with the Schur function s, when « is weakly
decreasing (i.e., is a partition) but makes sense perfectly even when « is not. Once
the operators K y are defined, the definition is extended by linearity to K ¢ for any
symmetric function f.

The operators K ; have a basis-free definition given by K = K, where I'; is
the vertex operator

(2.1) Iy = ( U@) (2(—1)jD<1J)>
i=0 j=0
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considered in [15] p. 211] and in [I3} §3] to study properties of stability of Kronecker
and plethysm coefficients.

A well-known case of K is when A = (1). We pause to describe an identity
that we will generalize in Section [§| using the normal ordering relations. A corner
of o is a box of @ whose removal results in another partition, and we denote by
#corners(«) the number of corners of a. Denote by ™ the set of partitions that
result from removing a corner of a. Similarly, at will denote the set of those
partitions 3 such that o € 3~. We use at to denote the set of partitions not equal
to a that can be obtained by removing a corner of « and then adding a box to the
result. Equivalently, aT is the set of partitions that can be obtained from « by first
adding a box and then removing a different box. For example, 31 has two corners,
and (31)T = {(4),(22), (211)}. We begin Subsection [6] with a short proof that

(2.2) K (1)sa = (#corners(a) — 1)sq + Z Sg .

Beat

Chauve and Goupil [6] used to give a combinatorial interpretation for
(K(1))¥(s@)) in terms of oscillating tableaux. In Section 6, we give a natural ex-
tension of to the case when s, is replaced by a general skew Schur function
5q/9 (see Theorem [8.1)).

We remark that the operators K; and ?f are self-adjoints, a fact that can be
easily checked using the power sum basis.

3. STATEMENT OF THE RESULTS

The main result of the paper is a list of six normal ordering relations, which we
state below in Theorem [3.1] and Corollary [3.2]in two slightly different ways. These
relations will be proved in Section [

Theorem 3.1. For any partitions o and 8 we have the following identities (where
A, T and v each run over the set of all partitions).

(3.1) DU, = ZUQ/ADW
(3.2) UaDp —2 DM Dg Uy
(3.3) KsU, = ZUSB xsa O\

A
(3.4) DoKg =Y KxDyy s,

A
(3.5) KpUa = Y Ulsy s, ysuys Kv
(3.6) DoKp = Y KuD(s,, 55 )s0x

T,V
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Corollary 3.2. For any partitions o and B we have the following identities.

DpUs = ) <20>\N )U D,

v
UaDp =), (Z( DPeg, > D,U,
MY\ A
KUy =) (Zga At Cy V) UK,
v A
DoKg =) <Ega>\# CM> K,D,
v A
XﬂUa = Z ( Z Ix7,0 cf,u C‘IC'Y,J Cg,a'> U.U'?V
v \\,o,7,0
Da?ﬁ = Z ( Z Ix7,0 cf,u Cg,o cg,a> FVDH
v \\,o,7,0

Identities (3.1) and (3.3) are avatars of well-known identities of Foulkes and
Littlewood. Indeed, if we apply the operators in (3.1)) and (3.3) to the Schur
function s, we get

(3.7) Dg(sasy) = Zsa/ADﬁ/,\(Sv),
)

(3.8) sg * (Sasy) = Z(Sﬁ/)‘ #* 5o ) () * Sy).
X

By linearity, we can replace s, and s, with arbitrary symmetric functions f and g.
Also if we expand sg/) = Z cf uSu> We obtain

(3.9) Ds(fg) = ZCA (DA(f)Dyu(g),
(3.10) sg Zc)\# x f)(sx *g).

Formula was obtained by Foulkes (2 §3.b] , also mentioned in [I1 I1.§5
Ex. 25.(d)], while is due to Littlewood ([10, Theorem III], see also [I1l 1.§7
Ex. 23.(c))).

The similarity between the two identities and is explained in [I5]
Proposition 6.4] and [I6]. They are both particular cases of a general splitting
formula for spaces endowed with a product and a coproduct that are compatible.

Formula can be stated as

(311) SaSy/g = Z(_l)‘)\‘Dﬁ/)\’(Sa/)\s“y)-
A
Formula happens to be closely related to the Skew Littlewood—Richardson
Rule; see Section In [8, Lemma 1.1] Lam, Lauve, and Sottile obtain a more
general version of Formula valid for arbitrary pairs of dual Hopf algebras.
As mentioned in the introduction, Ira Gessel, [5], established special cases of
(3.1) and when the Schur functions are indexed by one-row or one-column
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shapes. He showed that
DnUm = Z Um—iDn—i 5

UnDp = DUy — Dy U1,
D(ln)Um = UmD(ln) + Um_lD(ln—l).
Since K3 and K g are self-adjoint, and U, and D,, are adjoint of each other, (3.4)

and (3.6|) are obtained from (3.3 and (3.5]) respectively by taking adjoints.
An interesting and elegant way of stating some of the results of Theorem [3.1]is

in terms of commutators.

Corollary 3.3. For any two partitions a and 8, we have

[Ds,Usl = Y. UapaDgin = Y. (=) Dg Uy,

A#(0) A#(0)

[Fﬂ’ Ua] = Z U(slg/u*sr)sa/,.?u )
(m,)#((0),8)

[DavKﬁ] = Z -K'I/-D(sﬁ/,,>X<sf)su/T )

(m,v)#((0),8)
where (0) denotes the empty partition.

4. PROOF OF THE IDENTITIES

In this section, we prove all six identities of Theorem We begin with an
overview of the method of proof. Let P be any of the families of operators U, D,
K and K. Introduce an auxiliary alphabet A. The Schur generating series of P is

defined as
Z PA S) [A] .
A

This can be interpreted as the linear map that sends any symmetric function g to
the expression

> Pag)salAl.
A

For each of the four operators under consideration, the effect of the Schur generating
function operator is described nicely by means of operations on alphabets (Lemma
4.2)). The identities of Theorem are derived at the level of generating series.
The result is then recovered by extracting coefficients by means of the appropriate
scalar products.

4.1. Preliminary: operations on alphabets. Let X = {x,z5,...} be the un-
derlying alphabet for the symmetric functions in Sym. Any infinite alphabet A
gives rise to a copy Sym(A) of Sym. In this copy, the corresponding scalar prod-
uct will be denoted by (| ), and the element corresponding to f € Sym, by f[A].
Accordingly, the scalar product { | ) of Sym and elements f € Sym will be denoted
sometimes by (| )y and f[X].

If A and B are two alphabets, the tensor product Sym(A) ® Sym(B) is endowed
with the induced scalar product { | ), 5.

Both the Kronecker product # and the adjoint Dy of the operator of mul-
tiplication by a symmetric function f will be only considered with respect to
Sym = Sym(X).
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The map f — f[A] is a specialization. In particular, it is a morphism of algebras
from Sym to Sym(A). It is convenient to write again f — f[A] (rather than
A(f)) for any morphism of algebras from Sym to some commutative algebra A,
and consider it as a “specialization at the virtual alphabet A.”

Since the power sum symmetric functions py (k > 1) generate Sym and are
algebraically independent, the map

(4.1) A (pl[A]va[A]a'“)

is a bijection from the set of all morphisms of algebras from Sym to A to the set
of infinite sequences of elements from 4. This set of sequences is endowed with its
operations of component-wise sum, product, and multiplication by a scalar. The
bijection is used to lift these operations to the set of morphisms from Sym
to A. This defines expressions like f[A + B] and f[AB], where f is a symmetric
function and A and B are two “virtual alphabets,” and more general expressions
fIP(A, B,...)] where P(A, B,...) is a polynomial in several virtual alphabets A, B
... with coefficients in the basis field. Note that, by definition, for any power sum
pr (k = 1), virtual alphabets A and B, and scalar z,

pe[A + B] = pr[A] + pr[B], pr|AB] = pr[A] - pr[B], prl[zA] = 2 pi[A].

In our calculations below, the morphism f — f[1] will appear: it is the specializa-
tion at #1 =1, 29 =0, 23 = 0 .... The morphism f — f[X] is just the identity of
Sym.

Let o be the generating series for the complete homogeneous symmetric functions
h,, meaning o = Zf:o hy , where hg = 1. Recall from [T}, I.§2] that we also have

0
Pk Px
- ) _yn
<k—1 k PR
where the last sum is carried over all partitions A.

We will make use of the following identities.

Lemma 4.1. Let A and B be any two alphabets, and f and g be any two symmetric
functions. Then we have the following identities.

(4.2) o|A+ B] = o[A]o[B]
(4.3) o|AB] = 2 sx[A]sa[B] (Cauchy Identity)
)
(14)  o[-AB] = Y(~1)Nsy[Alsz[B]
)

(4.5) Dopax)(f[X]) = f[X + 4]

(4.6) o|AX] = f|X] = f[AX]

(4.7) (XA gX])x = (f *9)[A]

(4.8) (o[AB]|g[B])p = glA4] (Reproducing Kernel)

Proof. The identity o = exp (3, B) already proves ([4.2)), since pi[A + B] =
pr[A] + pr[B] for all k.
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Property (4.6) is simply checked on power sums, using the fact that py * p, =
Oxp2upu- We have

o[AX] 5 pu[X] = Y LfX] + pulX]

= pulA] pulX] = pu[AX].

Property (4.7) is also checked on the basis of power sums; take f = py and
g = pu- Then

PAAXT [ pul X1k = (PATAIPAIXT [ pu[X]) . = PATAION w2,

A
= 2L X e plx]
A

which is equal to (px = p,)[A].

The Reproducing Kernel property is a direct consequence of and .
Indeed, in take f = o to get (o[XA]|g[X])y = (¢ %g)[A]. In take
A =1 and replace f with g to get o * g = ¢g. This yields (o[ X A] | g[X] )y = g[A].
Then is this identity with B instead of X.

The series o[AB] expands as 0[AB] =}, cx[A]sa[B] where the cy[A] are sym-
metric functions in A. Therefore (o[AB]|sxA[B] )5 = ci[A]. But by the Reproduc-
ing Kernel Property, this is also equal to sx[A]. This proves the Cauchy identity
(@:3).

The dual Cauchy identity is obtained by replacing A with —A, and using the
fact that sy[—A] = (=1)Msy[A] (see [IT} 1. (3.10)]).

Finally, is a direct consequence of Taylor’s formula for polynomials:

o8] o8]
OF 002 F gyt ys? 0
F(zi+y, a2+yn,...) = Y. S A2 ---=exp<zyiam>F‘
i=1 g

(e 5] japNe )
o o ozt Oxf at! as!

Indeed, let f be any symmetric function. Let F' be the unique polynomial such that
f = F(p1,p2,...). Plugging in p;[X] for x;, and p;[A] for y; in the above identity,
we get

FIX + 4] = exp (z pi[A]aj_[XJ IX] = exp (2 ““”DW> 1),

v i=1

0
Opk

since D, = k5— for any k > 0. Now,

o[AX] = exp (i W) .

Therefore,

Dopax)(J1X]) = exp (z W) FIX] = X + 4],
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4.2. Generating series. Let P be any of the families of operators U, D, K and
K. Introduce an auxiliary alphabet A and the following generating series for P:

ZP,\S)\[A]
A

We use the linearity of f +— Py to simplify this expression as follows:
D P[4l = ) P x)salA] = Po, o x)aa[a] = Pofax]
A A

by the Cauchy identity (4.3]).
Note that any operator Py can be recovered from the generating series with a
coefficient extraction by means of a scalar product:

Pr(f) = { Popaxy(FIX]) [ salA] ) , -

The generating series P, 4x] also acts linearly on symmetric functions. The
following lemma describes the effect of all four generating series Usax), Do[axy;
Kopaxy and K,[ax]-

Lemma 4.2. Let f[X] be any symmetric function.

(4.9) Ustax)(f[X]) = o[AX] - f[X]

(4.10) Dopax)(f[X]) = fIX + A

(4.11) Korax)(f[X]) = fIAX]

(4.12) Kopax)(f[X]) = o[-A] - f[X(A+1)]

Proof. Equation (4.9) is straightforward. Equation (4.10]) is (4.5). Equation (4.11)

is ([4.6). Let us prove (4.12). For any symmetric functions f and g, K s(g) = I'1 f *g,
where I'; is the vertex operator defined in (2.1). We will make use of the following
identity (see [13], §3)):

(4.13) I f =o[X]f[X —1].
Therefore, we have

KU[AX] (f)

—~

Iy o[AX]) = f[X]
= (o[ X] o[A(X = 1)]) = F[X]

—~

= o[X + AX - 1)] » f[X] by [.2),
=o[X(A+1) - A] = f[X]

= o[-A] (e[X(A+1)] = f[X]) by again,
=o[-A]- f[X(A+1)] by .

O

4.3. Operators U and D. Let us prove the first two identities in Theorem

which are (3.1)),
Dg Ua = 2 UaxDg/x s
)
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and (3.2)),
Ua Dg = D (=) Dg /3 Uss -
A
To this aim, we first establish commutation relations between the generating
series of the operators U and D.

Lemma 4.3. Let A and B be two alphabets. We have

(4.14) Dox\Usax) = 0[ABlUs(ax1Do5x1

(4.15) Ustax)Do(x] = o[~ AB]|Ds5x1Usax]-

Proof. The second of these identities is obtained straightforwardly from the first

after noting that o[—AB] is the inverse of o[AB] (see (4.2))).

Let us prove (4.14]) using the properties of Lemma We have, for any sym-
metric function f[X],
DO'[BX] Ua[AX](f[X]) = DO’[BX] (o[AX]f[X])

o[A(X + B)|f[X + B by (4.5),
o[ABJo[AX]f[X + B by ([4.2),
o[ABJo[AX]Dy5x(f[X]) by (4.5),
o[AB|Us(ax1Dopx) (f[X])-

—_

O

Proof of . We will use that, since U and D : Sym — End(Sym) are mor-
phisms of algebra, we can write, for any symmetric function f, that Uy = f[U] and
Dy = f[D]. In particular, for the generating series, we have U,4x] = 0[AU] and
‘DO'[BX [BD]

In , the operator DgU, is the coefficient of s,[A]sg[B] in the expansion

in the Schur basis of o[AB]U,[ax]Do[px], Which is extracted by performing the
scalar product with s,[A]sg[B]. Thus

DU = o[AB]U. AX]D (x| salAlss[B] ),

= Z<5k Usiax1Do[Bx] |5a ss[Bl) 4 p by ([@.3),
—Z<sx Ustaxy | salA]) s {sx[B1Dogsx) | 55[B1) 5

= ; {Ustaxy | saa[A]) , { Dotx1]5/A[B]) 4

- Z (oAU |sapa[A]) , {o[BD]|s5A[B])

- Z sa/a[Uss D] by (3),

= Z Ua/)\Dﬁ/)\.
A

Identity (3.2)) is derived from (4.15]) analogously.
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4.4. Operators U and K. We now turn to the proof of ([3.3)):
KgUa = Y Usyynsa Kx
A

(The identity (3.4) follows straightforwardly from (3.3]) by taking adjoints).
Again we consider first commutation relations for the generating series of the
operators K and U.

Lemma 4.4. Let A and B be two alphabets. We have
(4.16) Ko8x1Usiax] = Uspasx) Ko x]-
Proof. We have, for any symmetric function f,

Ko x1Usiax) (f[X]) = Kopx)(o[AX] f[X])

= o[ABX]|f[BX] by (.6),
= U,rapx)(f[BX])
= Uypax1Ko1ax1(f[X]) by (.6).

O

Proof of (3.3). We now get KgU, from (4.16) by extracting the coefficient of
sg[B]sa[A] in its expansion in terms of Schur functions:

KﬁU :<U ABX]K BX ’SﬁBS A >AB
_Z<U (x5 Bl | 55[B]sa >ABK/\

—Z<U (asx| ssalBlsalA] )4 5 K

= Z<<UU[ABX] |5a[A] ), | s3A[B]) , K
A

= N {(o[ABU] | salAl )4 | 52 [B] ) K
A

:Z<Sa[BU] | 55/A[B]) s K by @3),
Z Sa * S,B/A K)\ by a
A

= Z SQ*SL-}/)\
A

4.5. Operators U and K. We now proceed to proving (3.5)):
FﬁUa = Z U(SB/U*ST)SQ/TFV

(The identity (3.6]) is deduced by taking adjoints). Again, we first consider com-
mutation relations for the generating series of the families of operators involved.

Lemma 4.5. Let A and B be two alphabets. We have

(4.17) Ko5x1Usax) = Usa+1)x1K 0B x]-
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Proof. We have, for any symmetric function f,

Koipx1Usiax)(f) = Korpxy(o[AX] f[X])

= o[-Blo [AX(B +D]f[X(B+1)] by @12),

= o[AX(B + 1)]o[-B]f[X(B + 1)]

=o[AX(B + 1)] BX](f) by again,
= Usias+1yx1Kosx1(f)-

O

Proof of (3.5)). From (4.17) we extract the term KzU, by taking scalar product
with s [A] sg[B]. This yields

KpUs = {Uyia(p+1)x1Kopx] | a[Alss[B] >A7B .

Expanding in the scalar product the generating function FU[ Bx], We get
FﬁUa = Z < UU[A(B+1)X]SV[B] ‘ SO&[A]SB[B] >A,B K

This simplifies as follows:

KsUa = ; ({Uqtasi1)x1 | 50141 ) 4 50 [B] 55B] ), Ko
= 2, (ColAB + 1)U | saga) ) o 50 (B [ 551B] ) , Ko
= é<3a[(3+1)U]Su[3] |s5(B] ) Ko by (@),
= Zi: (satpu+v15v[B] | 38]B] ) K
= ; < 2 s7[BU]sa/-[U] | 55, [B] > K,
= 2 (5elBUY 53l B1 Yy 0 o
- Z<s # 55/ [U 50/ (UK, by @1,

= 2 U(sr*sﬂ/v)sa/TF”

v, T

O

In Section [§] we present as a application a combinatorial rule for the Kronecker
product of any skew Schur function by s(,_1,1). Other interesting particular cases
of correspond to the cases when A = (k) (Kronecker product with a two-row
shape) and \ = (1*) (Kronecker product with a hook), where we get:

k k
Z ( 2 Ua/pUp> K, Z ( Z Ua/pUp’> K1y

pk—j pk—j
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Setting n = |a| and m = ||, the same identities can be stated as:

k
S(ntm—k.k) * (Sasy) = Z ( Z sa/p8ﬂ> (S5 * S(m—3.j))s

3=0 \pkk—j
k
S(n_’_m_k’lk) * (sas,y) = Z 2 sa/psp’ (S’Y * S(mfj,lj))-
J=0 \pi-k—j

The terms of the form >} sq/,8, and 3, Sa/,8, that appear in these identities
can take the following alternative forms, as a direct consequence of Littlewood’s

Identity ((3.8):

Z Sa/pSp = Sa * Pin_qq), and likewise Z Sa/pSp = Sa * (Mn—g€q)-
p-q pkq

5. UNICITY

The identities in Theorem [3.1]and Corollary [3.2] express some operators as linear
combinations of operators U, D,,, D,U,, U,K,, etc. Are such expressions unique?

Lemma 5.1. Let L and M be linear maps from Sym to End(Sym). Consider the
linear map @1 : Sym ®q Sym — Sym that sends f @ g to Ly M,. Let (vy) and
(wy) be bases of Sym.

Any ¢ € End(Sym) has at most one expansion of the form

Z aa,BLvaMw[37
o,

where the aq g are scalars, if and only if ®1 pr is injective.

If @, ps is injective, we will say that expansions with respect to the ordered pair
(L, M) are unique. This amounts to saying that the operators LM, are linearly
independent. The lemma shows that this can be checked by proving that operators
L,, M, are linearly independent, for some good choice of bases (vx) and (wy).

Proposition 5.2. Ezpansions with respect to the pairs (U, D), (D,U), (U, K),
(K,D), (U,K) and (K, D) are unique.

Proof. Tt is well-known that the algebra generated by 1 and the operators U,, and
D, (k> 0) is the bosonic creation and annihilation operator algebra (this appears
for instance in [7]). This algebra is the algebra generated by 1 and operators a,
and af , with n > 0, that commute except for

[an, ail] =1, foralln>0.

Equivalently, this is the Weyl algebra in infinitely many generators. The isomor-
phisms are given by:
Upy, — GZ = T,
Joi
Dpk — k ap — k T

It is also well-known that in the bosonic creation and annihilation operator algebra,
the monomials in normal order

(a})™ (ab)™ --ataz? -+
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as well as the monomials in antinormal order

are linearly independent. This shows that the operators Uy, D), are linearly inde-
pendent, and so are the operators D, U,,. And thus expansions with respect to
(U, D) and expansions with respect to (D, U) are unique.

Let us consider expansions with respect to (U, K). For this we show that the
operators Up, Kp, are linearly independent. Let F'= 3}, 5aq,5Up, Kp, be a linear
combination of these operators. Then, for any partition A,

F(px) = Z Ao, APaZAPX-
[e3

This shows that, if F/ = 0, then ), aq,apa = 0 for all A, and thus that a, » = 0 for
all @ and A. This proves that the operators U,, K, are linearly independent, and
that expansions with respect to (U, K) are unique.

By taking adjoints, we get that expansions with respect to (K, D) are unique.
Similarly, we prove that expansions with respect to (U, K) are unique. For this we

show that the operators Upafpﬁ [x+1] are linearly independent. For any partition
A

Upo K psx+11(PA) = Pa -
= Pa *

IRVEIR ] *Dx)

(o[X]ps[X]) +ps) by (A.13)

1
= Pa - Z; Pups) * Px)
w K

(
(

_ ZpapA if there is a partition pu such that A = p v 8,
0 otherwise.

Consider a linear relation 0 = »; 3 aa,gUpafpﬁ [x+1]- We get, by evaluating at py,

EN
> as=Papa
a, B M

where § < A means that there exists a partition p with 8 U u = A. Therefore

for all a and all A\. This can be rewritten as
0 = an,» + a linear combination of a, g for § < A with 8 # A.

We deduce that all coefficients a,, x are zero.
By taking adjoint we get that expansions are unique for (K D). [

By contrast, note that expansions with respect to (K,U) or to (D, K) are not
unique. For instance we have the relation K,,U,, = 0, that is straightforwardly
equivalent to the relation KoU; = K;,1U;.
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6. THE OPERATORS K ; ARE IN THE ALGEBRA GENERATED BY THE OPERATORS
Uy AND Dy,
Using Pieri’s rule we easily see that (2.2)) is equivalent to
(61) F(l) = U(l)D(l) —-1.
This identity easily follows applying Littlewood’s Identity (3.10) to the equation

S(n=1,1) = S(n-1)8(1) ~ S(n)-
More generally we have the following result.

Proposition 6.1. For any symmetric function f, the operator ff 1s in the algebra
generated by the operators Uy and Dy. Precisely:

Ky = Z Usx—1]%sx Da-
A

Proof. Littlewood’s Identity (3.8]) can be written as:
555 (50y) = 3 (Da(55) * 50) (1 % 55)
A

for any three partitions «, 5, v. Extending this by linearity, we get that for any
three symmetric functions f1, fo and g,

(6.2) g* (ff2) = D (Dalg) * 1) (sx = f2)

A
Now, let f and g be two symmetric functions. We have

K(g) = (T1if) g = (o[ X]f[X —1]) =g
(o[ X] = Da(g)(f[X — 1] *sx) by (6.2)

> >~

D(g)(f[X = 1] % s5).

O

For instance, for f = hy we have: F(k) = Dok UnDy — Z/\,_k_l U,D,, since
hg[X — 1] = hg — hg—1. With k = 1 we recover (6.1)).

7. APPLICATION TO THE SKEW LITTLEWOOD—RICHARDSON RULE

In this section we present our first application of Theorem [3.1f a new proof of
the skew Littlewood—Richardson rule as conjectured by Assaf and the second au-
thor [I] and proved by Lam, Lauve and Sottile [§]. As in [§], our starting point is
. In [8], first an “algebraic skew Littlewood—Richardson rule” is derived, involv-
ing sums of products of Littlewood—Richardson coefficients. Then, the combinato-
rial skew Littlewood—Richardson rule is obtained by interpreting these Littlewood—
Richardson coefficients as counting semistandard Young tableaux with given rec-
tification. Our proof fits more closely to the statement of the skew Littlewood-
Richardson rule: we avoid going through the algebraic skew Littlewood-Richardson
rule and use the interpretation of the Littlewood—Richardson coefficients as count-
ing semistandard Young tableaux with content and Yamanouchi constraints. Our
proof appears in Subsections [7.2 and [7.3] and is largely combinatorial.

For a positive integer k and a partition v, the classical Pieri rule [12] gives a
simple and beautiful expression for the product s(;)s, as a sum of Schur functions.
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A k-horizontal (resp. k-vertical) strip is a skew shape with k boxes that has at
most one box in each column (resp. row). The Pieri rule states that

S(k)Sy = D54
A

where the sum is over all partitions 4 such that 4/ is a k-horizontal strip. In [IJ,
Assaf and the second author generalized the Pieri rule to the setting of skew shapes
as follows:

k

(7.1) S(k)S~/8 = Z(—l)iZSwé ,

=0 55

where the sum is over all partitions 4 and 3 such that A/~ is a (k — 4)-horizontal
strip, and 3/ B is an ¢-vertical strip. We will use the skew Pieri rule with £ = 1 in
Section Bl

For the next level of generality, it is natural to ask for a similarly combinatorial
expression for s, 83/, for any partition a. Equation gives one expression, but
it does not mimic ([7.1)) in the sense that it does not give the answer as a signed sum
of skew Schur functions. Instead, the skew Littlewood-Richardson rule [8] gives an
expression for the even more general product s,/553/, as a signed sum of skew Schur
functions. In this section we will derive the skew Littlewood—Richardson rule from
in the following way. In Subsection we will use a combinatorial approach
to obtain from the skew Littlewood—Richardson rule in the case when § is
empty, and then we will use a linearity argument to derive the result for general §
in Subsection [Z.3]

7.1. The combinatorial skew Littlewood—Richardson rule. In order to state
the skew Littlewood—Richardson rule, we first need some terminology. As usual, a
sequence of positive integers w is said to be a lattice permutation if any prefix of w
contains at least as many appearances of ¢ as ¢ + 1, for all ¢ > 1. For a partition
6, we will say that w is a d-lattice permutation if the word obtained by prefixing w
with &1 copies of 1 followed by do copies of 2, etc., is a lattice permutation.

We will draw our Young tableaux in French notation, implying that the entries
of an SSYT weakly increase along the rows and strictly increase up the columns.
An anti-semistandard Young tableau (ASSYT) T of shape a/f is a filling of the
boxes of a/f so that the entries strictly decrease along the rows and weakly decrease
up the columns. Equivalently, T is an ASSYT if the tableau (77)" obtained by
transposing 77 and then rotating it 180° is an SSYT. The reverse reading word
of an SSYT T, is defined as usual as the word obtained by reading right-to-left
along the rows of T5, taking the rows from bottom to top. In contrast, the reverse
reading word of an ASSYT T is the word obtained by reading up the columns
of T, taking the columns from right-to-left. Equivalently, we can take the usual
reverse reading work of the SSYT (77)". Given a pair of tableaux (T7,T%), where
Ty is an ASSYT and T5 is an SSYT, we define the reverse reading word of the pair
as the concatenation of the reading word of 77 with that of 75. We will encounter
such pairs as in the the figure below, where the entries in the bottom left form an
ASSYT, and the entries above or to the right of the outlined skew shape form an
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SSYT.
5 6
3
5 3 1 1 4 4 5
(7.2) 3 2 2 4

The reverse reading word of (T1,75) shown in (7.2]) is 21335425441365, which is
certainly not a lattice permutation but is a 5321-lattice permutation.
We are now ready to state the skew Littlewood-Richardson rule.

Theorem 7.1 (Conjecture 6.1 of [I]; Theorem 3.2 and Remark 3.3(ii) of [8]). For
skew shapes a/d and v/,

(7.3) Sa/65~/p = >, ()Pl s
T1eASSYT(8/B)
T2€SSYT(5/7)

where the sum is over all ASSYT Ty of shape B/B for some B c B, and SSYT T,
of shape 7/~ for some 5 2 ~y, with the following properties:
(a) the combined content of Ty and Ty is the component-wise difference o — 4,

and
(b) the reverse reading word of (T1,T5) is a d-lattice permutation.

For example, the ASSYT and SSYT pair of (7.2) contribute —sgg53/1 to the
product s755431/532157541/33- Note that when § and § are empty, we recover the
classical Littlewood—Richardson rule.

7.2. Recovering a special case of the combinatorial skew Littlewood—
Richardson rule. Our first step to reproving Theorem [7.1] is to start with (3.2)
and show it implies Theorem in the case when 6 = (0), the empty partition.

Instead of (3.2]), we work with the equivalent (3.11):

A
SQS,Y/B = Z(—l)‘ ‘DB/)\/(SCE/)\SA/).
A
First, let us examine the product s,/\s, from the right-hand side, and expand
it in terms of Schur functions. Note that only those s, with v 2 « will appear in
the Schur expansion with nonzero coefficient. Thus we can write

SO[//\S.y = Z a3 85 .
¥
We have
a5 = (55| 8a/x8y) = (837 [ a3 ) = (57/751 | 50 )

The product s5/,5x is equal to the skew Schur function of the shape (7/7) @ A.
(The notation @ denotes that 5/ is positioned so that its bottom-right corner box
is immediately northwest of the top-left corner box of A.) Therefore, the coefficient
as is equal to the number of Littlewood-Richardson fillings (LR-fillings) of that

skew shape that have content . Any LR filling of that shape must just fill the ith
row of A with the number ¢, for all <. Thus a5 equals the number of SSYT of shape
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7/~ whose reverse reading word is a A-lattice permutation and whose content is the
component-wise difference o — A. Hence (3.11)) is equivalent to

(74) Sany/ﬂ = Z(—l)l)\‘Dﬂ/)\/ZS:}
A T,
where second sum is over all SSYT T» of shape 7/ for some 4 2 v, and content
a — A, whose reverse reading word is a A-lattice permutation.
Next, we will examine the term sg/y/,. The coefficient of s, in this term is exactly

the Littlewood-Richardson coeflicient cf, which is nonzero only if v € 8. Thus

v
we wish to determine the coefficient of s 5 in sg/y when E c (3, which equals the
number of LR-fillings of 3/ B of content \'. We claim that such fillings T are in a
shape-preserving bijection with ASSYT that are lattice permutations of content A
(as opposed to content A’ previously). Indeed the bijection 1) is defined as mapping
the ith appearance (in the reverse reading word of the SSYT T') of the number j
to the number i, for all ¢ and j. For example,

3[4 31

2[3[3 ., 13[2]1
1]2]2 5[2]1
1[1]1]1] 413]2]1]

Then, one can check that 1 has the following necessary properties.

o The inverse of 1 is given by the ASSYT analogue of ¢: map the jth ap-
pearance (in the reverse reading word, now in the ASSYT sense) of the
number ¢ to the number j, for all ¢ and j.

o The image ¥(T) of an LR-filling T is indeed an ASSYT whose reverse
reading word is a lattice permutation.

o Such a ¢(T) maps to an LR-filling under the inverse map.

o Both 9 and its inverse transpose the content partition.

Thus (7.4) is equivalent to

A A
Sa8y/3 = Z:(—l)| lZDBZS’Y = Z:(—l)| | Z S5/5
A T Ty A Ty, Ts
where the relevant sums are over all 77 and 75 such that
o Ty is an ASSYT having content A, whose reverse reading word is a lattice
permutation, and with shape 8/ for some § < 3, and
o Ty is an SSYT having content o — )\, a A-lattice permutation as reverse
reading word, and shape 7/ for some 7 2 ~.
Note that 7} tells us that [A| = [8/5], and we have arrived at Theorem in the
case when ¢ = (0).

7.3. Recovering the full combinatorial skew Littlewood—Richardson rule.
Our second step is to use a linearity argument to derive Theorem for general
6. For this, observe that the coefficient of (_1)|ﬁ/5|5‘v/5 on the right-hand side
of is the number of pairs of tableaux (17,75) with 77 an ASSYT and T a
SSYT, fulfilling conditions (a) and (b) in Theorem [7.1} But T} being an ASSYT is
equivalent to (77)" being an SSYT, and the reverse reading word of the ASSYT T}
is defined so that (77)" has the same reverse reading word as an SSYT. Therefore,

the coefficient of (—1)‘5/5‘%/5 on the right-hand side of (|7.3) equals the number
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of SSYT of shape (3/7) @ (8'/ I )" and content o whose reverse reading word is a
§-lattice permutation. This is the number of SSYT of shape (3/7) @® (8'/8)" ®
0 and content a whose reverse reading word is a lattice permutation. By the
Littlewood—Richardson rule, this quantity equals the coefficient of s, in the Schur
expansion of s ( This skew Schur function being equal to the product

Y
<5%5(ﬂ'/ﬁ>r

Sa/(; > .
Therefore, (7.3 is equivalent to

(7.5) Sajssyp = ), (—1)IP7 <5%5</3'/E>r
7.8

A/M@(B/B) DS

85/v5 (g1 /7 yr 56> this coefficient is equal to

< 53/ (g1 /57y 59

which is equal to

Sa/s > 518>

where the sums are over all partitions 5 and ﬂv’ such that ¥ 2 v and B c g.
The key observation is that is linear in s, /5. Given any partitions 3 and -,
will be true for all partitions o and & when
froys = 2 (1) (samsmy | )53
7.8
holds for any symmetric function f. Since the Schur functions form a basis for the

space of symmetric functions, it is enough to check it for f = s,, all partitions «.
This is what was done in

8. A COMBINATORIAL INTERPRETATION FOR THE KRONECKER PRODUCT OF A
SKEW SCHUR FUNCTION BY $(;,_1 1)-

As another application of the identities of Section [3] our goal for this section
is to derive a combinatorial formula for Kronecker products involving skew Schur
functions. Let a be a partition of n, and let us speak of partitions and their Young
diagrams interchangeably.

We aim to generalize to skew Schur functions. This leads to our next use of
the identities of Section 2. Corollary implies the relation [Dy, F(l)] =D
which gives

S6/(1)517

K(1)Dy(sa) = DoK (1)(Sa) = Dsy1ys1 (Sa)-
Applying (2.2) and the fact that
Sg/(1y51 = FFcorners(0)sy + 2 S
PO+
we get
5a/0 * S(n—|o|—1,1) = (Fcorners(a) — Fcorners(0) — 1)s4/9 + Z 58/ — Z Sa/é »
Beat e+

Thus we have an algebraic proof of the following.

Theorem 8.1. Suppose a+— n and 0 — k with 8 < «. Then
50/0 * S(n—k—1,1) = (Fcorners(a) — #corners(f) — 1)s,/9 + Z 58/ — Z Sa/d -

Bea+t Ppeb+
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This results begs for a a combinatorial proof. We offer a proof which is “two-
thirds” combinatorial. The part which is non-combinatorial makes use of (6.1),
which is turn is proved using Littlewood’s Identity ((3.10)).

Proof 2 of Theorem[8.1, The proof will work in three stages. In the short first
stage, which is the non-combinatorial one, we will apply to express S/ *
S(n—k—1,1) in a form not involving any Kronecker products. Then, using the
skew Pieri rule , we will reduce the problem to showing an identity that
is effectively purely about SSYT. This identity will be proved in the third stage
using jeu de taquin.

First, we will need to determine the result of applying D(;y to the skew Schur
function s, /9. We have

Z Sa/s ’

debt

(sp | Daysase ) = (sp5) |50 = D (5855 5a) = s
oeb+

and 50 D(1)8a/0 = X5e+ Sa/s- Applying (6.1)) to s,/9, we immediately deduce

(8.1) Sa/0 * S(n—k—1,1) = S(1) Z Sa/s — Sa/o -
60+
We next wish to apply the skew Pieri rule to s(1) X l5c9+ Sa/s, but it will prove
worthwhile to perform a preliminary step. By definition, s,/s = 0 unless § S a;, so
it suffices to sum over those § such that § € 01 and § € a. We will denote that ¢
satisfies both conditions by writing § € 7. So we now apply the skew Pieri rule
to

Sa/0 * S(n—k—1,1) = S(1) Z Sa/s — Sa/6

deft
to yield
Sa/0 * S(n—k—1,1) = Z Sy/5 — Z Sajp — Sa/o -
~yeat seota
seota PpeS—

Let us examine the second sum. For any ¢ in 7%, we can choose ¢ = 0. We see
that the other ¢ that arise will be exactly those elements of 6% that are contained
in «. Therefore,

Sa/0 * S(n—k—1,1) = 2 Syss — 101 500 — 2 Sa/ — Sa/o -
’Yetij PebF
SeogT

Thus to prove Theorem it remains to show that
(8.2) Z Sys5 — |07%|sa/9 = (Fcorners(a) — #corners(0))sq g + Z 53/6 -

~veat Beat
seoto

Our main tool for proving the above identity will be jeu de taquin but, like with
our application of the skew Pieri rule, it will be worthwhile to rewrite in a
slightly different form. Observe that for any partition «, we have #corners(a) =
|a™| — 1. For 6 € «, denote those elements of 81 that are not contained in « by
6+, which we can check can only be non-empty if «/f has some empty rows or
columns. We can now rewrite as

(8.3) D1 sys = (ot =107 Dsaje + Y spp0 -

~yeat peat
seota
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For intuition, we can call the positions of the form \/a for some A € a™ the outside
corners of a. Then the term |at| —[#*2"| is the number of outside corners of «,
excluding those that are also outside corners of . See Example [8.2] below for a
fully worked example of the remainder of the proof.

To prove using jeu de taquin (jdt), consider an SSYT T that contributes
to the left-hand side, meaning T has shape «/d, where v € o™ and § € 7. Notice
that the unique box b of §/6 is not an element of T, and that the unique box ¢ of
v/a is in T. Perform a jdt slide of T into b, and let T" denote the resulting SSYT.
There are three possibilities that can arise.

(a) T" =T, meaning there is no way to fill b under a jdt slide of T'.
(b) T contains b, and the single vacated box under the jdt slide is not c.
(¢) T’ contains b, and the single vacated box under the jdt slide is c.

By definition of jdt, Case (a) can happen if and only if b is a corner of . Since
be d € a < v, it must also be the case that b is a corner of a. Therefore, since b is
the unique box of §/6 and is not an element of 7”7 while ¢ is the unique box of v/«
and is in 7", the shape /6 of T’ can be written in the equivalent form /6, where
3 is obtained from « by removing b and adding c. In particular, 3 € aT, and so
such T" contribute part of the sum on the right of .

We claim that Case (b) contributes the rest of the sum on the right of . We
see that the shape of T” is obtained from the shape of T by making exactly two
changes: T contains b, and a box ¢’ different from c¢ has been vacated. As a result,
T’ has shape (/6 for some 3 € a¥.

To prove our claim from the start of the previous paragraph, let 7" be an SSYT
of shape (3/6, where 3 € at. We wish to show that 7" arises as the image under jdt
of exactly one T from Cases (a) and (b). In short, the reason is that jdt slides are
reversible, but let us be more precise. Suppose [ is obtained from « by removing
a box d and adding a different box e. Perform a jdt slide of 7" into d. (Some
references would call this a reverse jdt slide, since d is outside 5.) There are two
possibilities that can arise.

(i) There is no way to fill d under a jdt slide of T7". This can happen if and only
if d is an outside corner of §. Thus /6 can be written in the equivalent
form ~/0, where v equals o with e added, and § equals 6 with d added.
Since d is a corner of o, we also have that d is a corner of . These are
exactly the conditions for T to arise as an image under jdt of a T from
Case (a) (where in fact T = 1" and our d here corresponds to b in Case
(a).

(ii) Performing a jdt slide of 7" into d fills d and vacates an outside corner of 6.
This is exactly the reverse of the jdt slide from Case (b) (where d is playing
the role of ¢).

Thus T arises as the image of a single T' from Cases (a) and (b).

It remains to consider Case (c). Note that all 7”7 in Case (c) are of shape «/0.
We would like to show that each T is the image under jdt of k distinct T', where
k= (Ja™|—1]6*|). This would show that the 7" from Case (c) together contribute
the term (Jat| — |6+°"|)s, /s from the right-hand side of (8.3), and would be
proved.

So pick a T from Case (c). Pick an outside corner ¢ of «, and perform a (reverse)
jdt slide of T” into c¢. If ¢ is not an outside corner of 0, then this jdt slide will fill
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Case (a) Case (b) Case (c)
]
I T = g
/8 \—!7 I-1- P N [ R [ -
1 | | _.7| | |C| L,l,lll L,l,lll L,l,lll L7,7|:|:|
B} B} 5]
by b 4] B
T }-IZ I-1- =1-12 L =117 I-1-
o BIC] | [AIBIE] | ele] | siele] || e[BIC] | (B
[B] c
o | B | o | g | LB
Bl | @Bl || Liela | Ccddla || Dl BCe | D [BIC]

TABLE 8.1. The full set of skew shapes and SSYT for Example
In the first row, the dashed boxes are those in §, and the solid boxes
are those in v/6. Lowercase letters correspond to notation in the
proof of , while the uppercase A, B and C denote entries of
the SSYT that we assume satisfy the necessary inequalities but are
otherwise any positive integers.

¢, and the result will be an SSYT T of shape /d with v € o™ and § € #7*. These
are exactly the conditions for 7" to arise in Case (c).

On the other hand, if ¢ is an outside corner of « and also of #, then 7" will remain
fixed under the (reverse) jdt slide. Thus any T that maps to such a 7" under a jdt
slide must also have shape /6. Such a T from the left-hand side of does not
exist, since T' would contain the single box v/« whereas T” does not. We conclude
that each 7" in Case (c) is the image of exactly k distinct T, as required. a

Example 8.2. Suppose o = (4,1,1) and 6 = (2,1).

The complete set of shapes v/, and SSYT T and T” from the proof of are
show in Table Deliberately omitted from the table is the scenario from the
last paragraph of the proof, where ¢ is an outside corner of both « and 6, which
does not contribute to either side of (8.3). In this example, there is 1 = [§7°"| such
situation, shown below.

aff = ¢

|
- L
_o_
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