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» What are cylindric skew Schur functions?

» When are they Schur-positive?

» An expansion in terms of skew Schur functions
» A Schur-positivity conjecture
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Schur functions

» Partition A = (A1, A2, ..., \¢)

» Young diagram.
Example:
A =(4,4,31)
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Schur functions

» Partition A = (A1, A2, ..., \¢)
<

» Young diagram. 7
Example: 5/6|6
A = (4,4,3,1) Va2 a9
» Semistandard Young tableau 113/ 3/ 4
(SSYT)
The Schur function s, in the variables x = (X1, X2, ...) is then
defined by
Z X#lslnT #ZsmT e
SSYT T
Example
Sas31 = X1X§ Xy X5X§X7X9 + -
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Schur functions

» Partition A = (A1, A2, ..., \¢)

» u fits inside . <
» Young diagram. 7
Example: 5/6|6
Mi=4431)/31 V449
» Semistandard Young tableau T 14
(SSYT) T
The skew Schur function s, ,, in the variables x = (x1,Xz, .. .) is then
defined by
S)\//L_ Z X#lslnT #ZsmT“"
SSYTT
Example
S4431/31 = X2X5X§X7X9 + -
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Cylindric skew Schur functions

» Infinite skew shape C
» Invariant under
translation

» Identify (a,b) and K
(a+n—k,b—k).

n-k
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Cylindric skew Schur functions

» Infinite skew shape C

» Invariant under 4
translation 7

» Identify (a,b) and K

(a+n—k,b—k). e —
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Cylindric skew Schur functions

» Infinite skew shape C 5

» Invariant under 4
translation i

» Identify (a,b) and K 5
(a+n—k,b—k). —
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Cylindric skew Schur functions

.. 717
» Infinite skew shape C 56l s
» Invariant under 4/4]4|86 ; g -
H 3| 4

translation AP P IEGEIE;

» ldentify (a,b) and K 3 4|s5]6]6
44|46
(a+n—Kk,b—Kk). — el

» Entries weakly increase in each row
Strictly increase up each column

» Alternatively: SSYT with relations between entries in first and
last columns

» Cylindric skew Schur function:

Zx#lsmT #ZsmT

e.g. Sc(X) = XaXgXsXSx2 + - -

> Sc is a symmetric function
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Cylindric skew Schur functions

» Infinite skew shape C ; ; 5

» Invariant under 4141416|7]7
translation S =

» ldentify (a,b) and K 34|s5]6l6
(a+n—k,b—k). — 44;?,/

» Entries weakly increase in each row
Strictly increase up each column

» Alternatively: SSYT with relations between entries in first and
last columns

» Cylindric skew Schur function:

Zx#lsmT #ZsmT

e.g. Sc(X) = XaXgXsXSx2 + - -

> Sc is a symmetric function
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Cylindric skew Schur functions

» Infinite skew shape C ; ; 5

» Invariant under 4]14]4]6|7|7
translation S A 5T

» ldentify (a,b) and K 34[5/6]6
(a+n—k,b—k). — 44;?,/

» Entries weakly increase in each row
Strictly increase up each column

» Alternatively: SSYT with relations between entries in first and
last columns

» Cylindric skew Schur function:

Zx#lsmT #ZsmT

e.g. Sc(X) = XaXgXsXSx2 + - -

> Sc is a symmetric function
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Skew shapes are cylindric skew shapes...

... and so skew Schur functions are cylindric skew Schur functions.
Example

n-k
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Skew shapes are cylindric skew shapes...

... and so skew Schur functions are cylindric skew Schur functions.
Example

n-k

» Gessel, Krattenthaler: “Cylindric partitions,” 1997.

» Bertram, Ciocan-Fontanine, Fulton: “Quantum multiplication of
Schur polynomials,” 1999.

» Postnikov: “Affine approach to quantum Schubert calculus,”
mat h. CO' 0205165.

» Stanley: “Recent developments in algebraic combinatorics,”’
mat h. CO/ 0211114.
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Motivation: Positivity of Gromov-Witten invariants

In H*(Gryn),

In QH*(Gryn),

Oy x 0y, = Z Z qu;\{,dUA-

d>0 ACkx(n—k)
Cﬁ;,d = 3-point Gromov-Witten invariants
= #{rational curves of degree d in Gry, that meet Q,,, Q, and Qv }.
Example
A0 A
C, = Cru-

Key point: Cf),’,d > 0.
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Motivation: Positivity of Gromov-Witten invariants

In H*(Gryn),

In QH*(Gryn),

Oy x 0y, = Z Z qu;\{,dUA-

d>0 ACkx(n—k)

Cﬁ;,d = 3-point Gromov-Witten invariants
= #{rational curves of degree d in Gry, that meet Q,,, Q, and Qv }.
Example

Cho=cCp,.
Key point: Cf),’,d > 0.
“Fundamental open problem”: Find an algebraic or combinatorial
proof of this fact.
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Connection with cylindric skew Schur functions

Theorem (Postnikov)

Su/d/u(xla"'axk): Z C S)\(Xl,..., k)-
ACk x (n—k)

Conclusion: Want to understand the expansions of cylindric skew
Schur functions into Schur functions.
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Connection with cylindric skew Schur functions

Theorem (Postnikov)

Su/d/u(xla"'axk): Z C S)\(Xl,..., k)-
ACk x (n—k)

Conclusion: Want to understand the expansions of cylindric skew
Schur functions into Schur functions.

Corollary

Su/d/v(X1, - - -, Xk) is Schur-positive.

Known: s, /4, (X1, X2, - . .) = S,/d/»(X) need not be Schur-positive.
Example

If S./d/ = S22 + S211 — S1111, then s, /4 /., (X1, X2, X3) is Schur-positive.

(In general: sy(Xi,...,Xk) # 0 < X has at most k parts.)
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When is a cylindric skew Schur function

Schur-positive?

n-k

Theorem (McN.)
For any cylindric skew shape C,

Sc(X1,X2,...) is Schur-positive < C is a skew shape.

Equivalently, if C is a non-trivial cylindric skew shape, then
Sc (X1, X2, . ..) is not Schur-positive.
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Example: cylindric ribbons

Z CASA FS(n—k,1%) ~ S(n—k—1,1k+1)
ACk x (n—k)

+S(n_k_2,1k42) — - + (=1)" s(1n).

Sc(X1,%2,...)
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Example: cylindric ribbons

. k
C. w o
T n-k
sc(X1,X2,...) = Z CASA tS(n—k,1k) = S(n—k—1,1k+1)
ACk x (n—k)
+S(nok—2,1002) — -+ + (= 1) s(amy.

Schur-positive in k + 1 variables.

Not Schur-positive in > k + 2 variables.

General cylindric skew shape: > k + 2 + £ variables.
Shapes in Postnikov’s theorem: > 2k + 1 variables.
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Formula: cylindric skew Schur functions as signed

sums of skew Schur functions

Idea for formulation: Bertram, Ciocan-Fontanine, Fulton
Uses result of Gessel, Krattenthaler

Example

Positivity Questions for Cylindric Skew Schur Functions Peter McNamara




Formula: cylindric skew Schur functions as signed

sums of skew Schur functions

Idea for formulation: Bertram, Ciocan-Fontanine, Fulton
Uses result of Gessel, Krattenthaler

Example
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Formula: cylindric skew Schur functions as signed

sums of skew Schur functions

Idea for formulation: Bertram, Ciocan-Fontanine, Fulton
Uses result of Gessel, Krattenthaler

Example
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Formula: cylindric skew Schur functions as signed

sums of skew Schur functions

Idea for formulation: Bertram, Ciocan-Fontanine, Fulton
Uses result of Gessel, Krattenthaler

Example

= 0
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Formula: cylindric skew Schur functions as signed

sums of skew Schur functions

Idea for formulation: Bertram, Ciocan-Fontanine, Fulton
Uses result of Gessel, Krattenthaler

Example
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Formula: cylindric skew Schur functions as signed

sums of skew Schur functions

Idea for formulation: Bertram, Ciocan-Fontanine, Fulton
Uses result of Gessel, Krattenthaler

Example
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Formula: cylindric skew Schur functions as signed

sums of skew Schur functions

Idea for formulation: Bertram, Ciocan-Fontanine, Fulton
Uses result of Gessel, Krattenthaler

Example

Sc = Ssz33211/21 — S3322111/21 + S331111111/21
= S3331 + S3322 + S33211 + S322111 + S31111111
—S222211 — S2221111 + S22111111 + S211111111-
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Quick consequence: lots of skew Schur function

identities

whl
nltl
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Shouldn’t cylindric skew Schur functions be
Schur-positive in some sense?

C: «
.
n-k
Sc(Xl,Xz, .. ) = Z CAS) +S(n—k,1k) - S(n—k—l,lk+1)
ACK % (n—k)
+S(n_k—2,10:2) — -+ + (=1)"s(1my.
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Shouldn’t cylindric skew Schur functions be
Schur-positive in some sense?

C: o« H: []
. ! ||
n-k K|
\B L1,
n-k ‘
Sc(Xl,Xz, .. ) = Z CAS) +S(n—k,1k) - S(n—k—l,lk+1)
ACK x (n—k)
+S(nok_2,042) — - + (1) s(1m).
In fact,
Sc(Xl,Xz,...) = Z CxSy» +SH-
ACk x (n—k)

Sc: cylindric skew Schur function
Sy cylindric Schur function
We say that s¢ is cylindric Schur-positive.
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A Conjecture

|
+

'y

n-K

Iy
I'm

n—k n—k
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A Conjecture

'y

n-K

Iy
I'm

n—k n—k

Conjecture
For any cylindric skew shape C, sc is cylindric Schur-positive
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A Conjecture

|
+

'y

n-K

I'm

'y

n—k n—k

Conjecture
For any cylindric skew shape C, sc is cylindric Schur-positive

Theorem (McN.)
The cylindric Schur functions corresponding to a given translation
(—n + Kk, +k) are linearly independent.

Theorem (McN.)
If sc can be written as a linear combination of cylindric Schur

functions with the same translation as C, then s¢ is cylindric
Schur-positive.
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Summary of results

» Classification of those cylindric skew Schur functions that are
Schur-positive.

» Full knowledge of negative terms in Schur expansion of ribbons.

» Expansion of any cylindric skew Schur function into skew Schur
functions.

» Conjecture and evidence that every cylindric skew Schur
function is cylindric Schur-positive.
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