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The pinch-off of a drop of viscous fluid is observed using high-speed digital imaging. The behavior
seen by previous authors is observed here; namely, the filament that attaches the drop to the orifice
evolves into a primary thread attached to a much thinner, secondary thread by a slight bulge. Here,
we observe that the lengths of the primary and secondary threads are reproducible among
experiments to within 3% and 10%. The secondary thread becomes unstable as evidenced by
wave-like disturbances. The actual pinch-off does not occur at the point of attachment between the
secondary thread and the drop. Instead, it occurs between the disturbances on the secondary thread.
After the initial pinch-off, additional breaks occur between the disturbances, resulting in several
secondary satellite drops with a broad distribution of sizes. The pinch-off of the thread at the orifice
is similar to that at the drop with one main difference: there is no distinct secondary thread. Instead,
the primary thread necks down monotonically until wave-like disturbances form, resulting in
pinch-off at multiple sites in between. The speed of the tips of the retreating, secondary threads after
pinch-off are reported and discussed in the context of various scaling lawd.99@ American
Institute of Physicg.S1070-663197)02311-§

I. INTRODUCTION text of Eggers’ theory and other scaling laws. The tips re-
treat with a power-law dependence on the time away from
Here we present images of the pinch-off of pendanthe pinch-off time. The power is dependent on the shape and
drops of viscous fluids that fall from an orifice under the length of the retreating thread.
action of gravity. The thread connecting the drop to the ori-  The pinch-off of a viscous drop of fluid has been widely
fice necks down into thinner regions at the orifice and at thénvestigated. See, e.g., studies of pendant drops in water by
drop. The necking near the drop results in a distinct secondedgertonet al* and Peregrinet al® The results of the latter
ary thread that is separated from the primary thread by aere well-modeled by Schulkéswho numerically inte-
nonmonotonic transition region, as observed by Shi, Brengrated a potential flow formulation of Euler's equations for
ner, and Nagél(SBN), who previously investigated drops, the pendant drop. SBNbresented photographs of the pen-
and by Kowalewskf, who investigated jets. We obseré@  dant drop using fluids with a large range of viscosities. They
the lengths of the primary and secondary threads are repeahowed that the primary thread evolved into a secondary
able to within 3% and 10%, respectivelii) A wave-like thread and even into a tertiary thread in experiments using
instability forms on the secondary thread. Kowalesk-  fluids with a similar viscosity as those used here, but a much
served this type of behavior in the fine-scale structure of jetarger orifice. Their numerical computations using the ap-
breakupiii ) Pinch-off occurs between waves on the secondproximate Navier—Stokes model developed by Eggers and
ary thread, rather than at the drgjy.) After the initial pinch-  Duponf also showed the development of the secondary
off, several additional breaks occur along the secondaryhreads. When a noise source was explicitly introduced, the
thread between the disturbances. The numerous breaks in thébdel showed the development of a cascade of threads with
secondary thread then result in a number of secondary, satecreasing sizes, each of which was well-described by the
ellite drops, which have a broad distribution of sizes. Theirsimilarity solution of Egger§.SBN! also showed a photo-
length scales are roughly 1/100th that of the drop’s. Thigraph in which a thread of 200 cP oil exhibited an instability,
fine-scale mechanism for creating satellite drops was obeharacterized by localized “blobs” rather than the waves
served in the breakup of jets by Kowalew$kiv) The pri-  observed herein. Brennet al? explained the disturbances
mary thread does not evolve into a distinct secondary threagds an instability of Egger®'similarity solution. Zhang and
at the orifice, in contrast to results of previous experimentsBasarai” (ZB) conducted a comprehensive study of how the
Instead, it necks down monotonically, develops disturbancesirop’s evolution varied as a function of flow rate, viscosity,
and pinches-off at multiple sites between the disturbancesurface tension, thickness of the tube wall, and radii of the
The separated primary thread then rapidly retreats downwargkifice.
from the orifice, forming the primary satellite drop, which The study of the pendant drop is closely related to that of
has a length scale roughly 1/10th that of the drop’s. We alsget stability [see Bogy* and Bechtelet al'? (BCF) for re-
present measurements of tip speeds of the retreating secongdews]. In particular, in the pendant drop experiment, we
ary threads after pinch-off and discuss the results in the cormay consider the primary and secondary threads as viscous
jets; the primary thread does not exhibit a classical wave-like
dCorresponding author: Phone: 814-863-0516, Fax: 814-865-3735; elednstability that leads to breakup. Instead, it becomes unstable
tronic mail: dmh@math.psu.edu to the secondary thread, which does exhibit a wave-like in-
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stability that leads to breakup. According to Rayleigf’'s were well-modeled by the boundary-integral formulation for
classical result, a constant flow, inviscid, azimuthally uni-inviscid jets employed by Mansour and LundgférTjah-
form jet is unstable to perturbations with wavelengths largejadi, et al?? looked at the breakup of a fluid filament in an
than 7D, whereD is the diameter of the jet; the most un- external fluid; the filament was formed by a shearing action
stable wavelength is about 1#4B. The experiments on jets in a Couette device. They observed the formation of as many
by Donnelly and Glabersdfishowed that there was no pre- as 19 satellite drops and noted that the number of satellites
ferred unstable wavelength unless the jet was perturbed withnd their size distributions, which varied over three orders of
a particular periodicity. In the presence of such perturbationsnagnitude, also depended primarily on the ratio of the vis-
the growth rates of the unstable wavelengths agreed wetlosities of the filament fluid to ambient fluid. Their experi-
with Rayleigh's® calculations; growth rates of instabilities mental results were well-captured by their computations of
on glycerin and water jets agreed reasonably well with theStokes equations. Papageordibalso presented a Stokes
calculations of ChandrasekA3rwho included viscosity in model of jet breakup and satellite formation. The instability
his linear calculation of stability. Donnelly and Glaberkbn of coating films around vertical fibers may result in drop
noted that the axial dependence of the instabilities was ndormation when the film thickness is larger than some critical
sinusoidal, a result probably due to nonlinearity. Goedde andalue; see, e.g., Kalliadasis and Chdhgyho obtained a
Yuen'® addressed this aspect of the problem by measuringrediction for the critical thickness of the film. Experiments
separately the growth rates of the swells and the necks. Irén the collapse of a soap-film bridge by Cryer and Steen
dividually each did not grow with a constant exponentialare also similar to results herein; the soap film stretched be-
growth rate, but the difference between the two did grow at 4ween two open endrings. Upon separation of the endrings,
constant exponential rate that agreed with the prediction ofhe film collapsed by necking at the midsection, forming a
Chandrasekhdr BCF expanded the Navier—Stokes equa-thin filament that broke up into a primary and several sec-
tions with respect to a small slenderness ratio of thread widt®ndary satellite drops.

to length. Their model is different from Eggers and  Here, in the pendant drop experiment, the secondary sat-
Dupont’s in that the expansion is self-consistent. BEF ellites result from the pinch-off between wave-like distur-
showed that a jet is linearly unstable at leading order to perbances along the secondary thread. In any one experiment,
turbations with no preferred length scale or high-wave-the disturbances do not exhibit a particular periodicity, and
number cutoff. However, the inclusion of higher-order terms@n approximate periodicity varies among experiments. The
recovers a Rayleigh-type cutoff for the unstable wavetesulting, secondary satellite drops have a fairly broad distri-
lengths. Thus, BCF conjecture that as the slenderness ratio Bfition of sizes. These observations are consistent with
the jet approaches zero, the jet will become unstable to pe,EsCF’s12 conjecture that as the slenderness ratio approaches
turbations of all wavelengths, and none will be selectivelyZ€ro, the wavelengths of instability of the jet will not have a
amplified. preferred wavelength. They are also consistent with

Kowalewsk? also observed instabilities of viscous fluid Kowalewski's observations of jet breakup. We further ob-
jets when they were perturbed with high-frequency distur-Serve, however, that the sizes of the disturbances and, corre-
bances. Rather than focusing on the wavelengths for inst&Pondingly, the sizes of the secondary satellite drops, are
bility, he was particularly concerned with the details of theConsistent with a Rayleigh-type, wavelength cutoff. The
jet breakup. He observed behavior very similar to that defigher-order terms in the BCFmodel are required to cap-
scribed herein fodrops when using fluids with viscosities ture this cutoff. _ o
ranging from about 11 to 320 nffs. The length of the sec- Eggers conducted an |nvest|gat|op of the developmgnt
ondary threads that he observed varied from aboyt/20to of the thread .both bgfore and after pmch—oﬁ by calculat.mg
several millimeters as a function of fluid parameters. Furthert® asymptotic solutions of the Navier—Stokes equations
he observed the formation of distinct secondary threads, theffrough the pinch-off point. He provides a prediction of the
instabilities to disturbances with a broad distribution of SPE€dS Of the retreating thlszeads after pinch-off in terms of the
length scales, and multiple pinch-offs resulting in severalfm'l"’mty varlable§=; lt ! wherez' =(z—2z,)/l, a”?”
secondary satellites of various sizes when the fluid viscosi— ({~t0)/t, aré nondimensional measures of the distances
ties were 46 mris and larger. and times from the location of pinch-o#fy, at tzlme,to. The

Drop deformations and the formation of satellite drops"1SCOUS length and time scales atg=g»*/y and t,
have also been widely investigated in other liquid bridge._g vly", wherev is the (kinematig coefficient of viscos-

systems. See Stotefor a review of drop deformations due ity, v is the(dynamig surface tension, andlis the density of
to motions in a viscous. ambient fluid. Storet.al® con- the fluid. He predicts that the speed of the retreating neck

ducted experiments investigating the end-pinching and Caqj"-‘ft(_:'r pinch-off is given by
illary wave instabilities of extended threads of viscous fluids

neck (., _
nec |tr| 1/2,

during contraction. Stone and Léilused a boundary- Vneck= > Y
integral method to model these experiments. The dynamics
of the instability, both in experiments and numerics, de-with
pended on the ratio of thread fluid to ambient fluid viscosi- _
fneclj2~8-7 (2)

ties. Lafrancé looked at satellite formation due to the
breakup of a jet with an imposed perturbation. His measureln Sec. Ill C we present measurements of the speeds of the
ments of growth rates and radii of main and satellite dropgips of retreating threads. We determine a power law for the
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(a) (b) (c) (d) (e) (f) (g)

FIG. 1. Evolution of a drop from its formation through the formation of a primary satellite drop. The resolution ig®&el. The size of each image is
5.88<22.20 mm. The relative times of each image af® 0 s, (b) 0.0587 s,(c) 0.0657 s,(d) 0.0703 s,(e) 0.0763 s,(f) 0.0817 s,(g) 0.0930 s;v
=92 mnt/s.

measured data for comparison wiit) and(2). Kowalewsk? curtain. The box was not temperature controlled, but it iso-
also compared the measured retraction speeds of the secondted the drops from air currents. Imaging was done through
ary threads of his pinched-off jets with Eggértheory and  a hole in the plastic curtain.
found the measurements to be much less than predicted. The oils used were a commercial vegetable(Bih. 1)

In the remainder of the paper, we discuss the experimerand a silicone oil from Dow Corning Corporatighigs. 3, 5,
tal apparatugin Sec. I) and the observation# Sec. lll. A and 7. A Canon—Fenske viscometer in a constant tempera-
short summary of results is provided in Sec. IV. ture water bath was used to measure the oils’ viscosities as a
function of temperature. Linear relationships between
viscosity in square millimeters per second and temperature
Il. EXPERIMENTAL APPARATUS in degrees celsius were established for the two oils:

The experimental apparatus consisted of a Lucite, sinked=—3.96T+181.49 for the vegetable oil and
reservoir, oils with viscosities of about 100 rfs) a digital »= —2.02T +149.03 for the silicone oil. The temperature of
imaging camera and processor, and computer hardware aitie oil during each experiment was measured with a digital
software for image processing. thermometer inserted into the reservoir, and the correspond-

The fluid flowed under gravity from a 32 émeservoir,  ing viscosity inferred from the above relationships. In Sec.
which was open to the atmosphere, into a tube of length 24.1l we report these measured temperatures. The temperature
mm, through a needle valve, which controlled the flow rate of the drop upon exiting from the orifice was not measured.
and finally through a lower tube of length 81.5 mm with The surface tension of the oils at room temperature was mea-
inner and outer radii of 1.41 and 1.92 mm. The 0.50-mm-sured using a Fischer model 21 tensiomat to be 33.4 dyn/cm
wide edge of the orifice was machined flat so that the dripfor the vegetable oil and 21.5 dyn/cm for the silicone oil. The
ping oil wetted the entire surface area between inner antheasured density of the vegetable and silicone oils was
outer edges, but did not climb up the outside face of the tubed.968 and 0.928 g/ctn The ranges of the viscous length and
We found that if the orifice edge was angular, rather thartime scales were 0.398 mai,<0.453 mm and 0.0016 s
flat, then the fluid climbed part-way up the side with an<t,<0.0020 s.
uneven and irreproducible contact line. In all of the experi- Images and videos of the drops were obtained using a
ments, except those represented in Fig. 4, the period of thkodak Ektapro 1012 EM Motion Analyzer comprising a
drops was about 30 s/drop. The reservoir/tube/orifice appditigh-gain digital imager, a processor, and electronic
ratus was set on a hydraulic, vibration isolation table andnemory. The drops were illuminated from behind with a 600
enclosed in a Lucite box with one side made of a plastioV lamp that was powered during the tirt@out 0.16 sthat
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the drop was imaged. The spatial resolution of the images is 10.0 L IR A A e e

listed in the caption for each figure. The temporal resolution o
varied from 3000 images/s as shown in Fig. 1 to 12 000 © o
images/s as shown in Figs. 3, 5, and 7. The desired frames 80 - )
were downloaded via an IEEE-488 GPIB interface to a PC. R 0 °
Adobe Photoshop software was used to sharpen the images. 60 L ° 4
The speeds of the retreating threads were obtained by deter- %
mining the leading edges of the thread in successive frames. I
The leading edge was defined to be a 5% increase in gray 4.0 - ]
level over background values. 000

The measured speeds of the retreating threads are pre- L ° P o
sented in Sec. Il C and discussed in the context of Eggers’ 2’010“ 10' 10° 10’
predictions and other scaling laws. For this comparison, we
graphed the measured velocities, normalized with respect to t=tp (msec)

tV/I vy aSa f}JnCtlon (_)f tlmet() from meh_o_ff on a Iog,_IOQ FIG. 2. Distancel, of the leading edge of the drop, normalized by the
scale. The time of pinch-oft,, was determined empirically (agius of the orifice, as a function of tinfe milliseconds away from the

by varying it until the data correlated best to a line. Boundspinch-off point. »=95.0 mnf/s.
for the choice ot are discussed in Sec. Ill C. The correla-
tion was done using a least-squares fit WithiTLAB ; corre-
lation coefficients are reported in Sec. Il C.

Because the shortest exposure time of the images w.
1/12 000 s, some of the fine scale features of the threads tha;
evolved on faster time scales were blurred in our images. qui

example, near pinch-off, the mgasured spe.eds ranged fr,oFEgion of rapid necking shows the nascent formation of the
1000 to as much as 4000 mm/s in one experiment. Retreat'r%condary thread observed by SBNor drops and

threads with speeds this high were displaced several pixels iRowaIewsk? for jet breakup. The time resolution in Fig. 1

one frame; therefo_re, our measuremen_ts of the_speeds N€Mes not show the further necking of the secondary thread.
pinch-off could be in error by several pixels. This error af-

f v the few d ints initially af inch-off. Aft Figures 3a) and 5 show a magnification of this necking re-
ects only the few data points initially after pinch-oft. After g5 i, yyo experiments using silicone oils with higher tem-
the first few data points the speeds of the retreating threaci

cylinder of fluid. In Fig. 1c) the thread has lost its unifor-
ity. It has started to neck down near the trailing edge of the
op, which is essentially spherical. In Figdl the thread

as necked down considerably at the edge of the drop. This

oral resolution. Necks similar to the ones shown in Figs.
averaged about 500 mm/s and decreased tp about 100 mm a) and 5 were also observed using the vegetable oil, but are
For. a spee.d of 450 mm/s, the threads @splaced 2 plxeI(Zot resolved in Fig. 1. Figure(d) also shows that the diam-
during one Image. Measur.emgnts of the sizes of the secon ter of the thread has begun to decrease at the orifice. A rapid
ary satellite drops shown in Fig. 4 were taken after the sat

liites had achieved th d th necking occurs at the orifice as shown in Fige)1Magnifi-
© |’§es ad achieved t € average speed, the measurementscgf[ions of this region are shown in FigghBand 7 for ex-
their lengths could be in error by 2 pixels.

periments using silicone oil§Again, the behavior at the
orifice for the vegetable oil was like that shown in Figé&)3
lll. OBSERVATIONS and 7, but is not resolved in Fig.]1Between Figs. (&) and
Here we discuss the evolution of the pendant drop inl(f), pinch-off occurred at the orifice. The top of the primary
terms of its large-scaléSec. Il A) and small-scalgSec. thread then falls rapidly, while the bottom falls a slight
[l B) behavior. Section Ill A includes discussions of the pri-amount. The two ends join, forming a primary satellite drop,
mary thread, its transition to a secondary thread at the dropyhich is shown in Fig. (g) after it has become spherical and
its monotonic decrease at the orifice, and its contraction fronhas begun its downward descent.
the orifice into the primary satellite drop. Section Ill B in- Figure 2 shows the variation of the location of the lead-
cludes a discussion of the instability of the secondary threadng edge of the drop normalized by the orifice radius as a
pinch-off at the drop and at the orifice, and the secondarfunction of time before pinch-offt,, for the vegetable oil.
satellite drops. In Sec. Ill C the velocities of the retreatingZB*° show similar data for experiments in which they varied
tips of the secondary threads after pinch-off are presented.the fluid viscosity, flow rate, and orifice radius. Because our
parameters do not overlap theirs, a direct comparison is not
possible. However, ZB also measured the limiting length of
Figure 1 comprises images of the drop development tdhe drops(the length from the orifice to the tip of the drop
the time of the formation of a spherical primary satellite just before pinch-offas a function of flow ratéheir Fig. 12
drop. (All of the images in Fig. 1 are from one experiment. and as a function of surface tensi¢their Fig. 20. Table |
When the drop first appears out of the orifice, it forms ashows the fluid properties and measurements of the ratio of
uniform cylinder of fluid with a rounded leading edge. In limiting length to orifice radius for two of our experiments
Fig. 1(a) this cylinder has begun to neck down so that itsand one of ZB's. For these three experiments, the viscosities,
radius is no longer uniform. In Fig.(it) the pendant drop has orifice radius, and flow rates were comparable; the surface
necked down so that it now consists of a drop attached to theensions varied significantly. Our results show that an in-
orifice through a primary thread that is essentially a uniformcrease in surface tension at a fixed viscosity caused a com-

A. Large-scale behavior
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TABLE I. Fluid properties and measurements of limiting lengths for experi- disturbance begins to grow on the secondary thread. The
ments herein and for one from Z(Eenotedibsy an as}gn)skThe orifice sizes nascent disturbance is visible in Fig(aaii) and is pro-
and flow rates were 0.19/0.16 cm angt 60 °/1X 10" < ml/min for present/ . . . . .

nounced in Fig. @-vii), the frame before the first pinch-off.

ZB.
Figure 3b) shows a magnified view of the necking of
Viscosity Surface tension Limitinglength the primary thread at the orifice, similar to the behavior evi-
(mn"s) (g/9) radiusorifice dent in Fig. 1e). [All of the images in Fig. &) are from one
100 215 14.9 experiment Here the primary thread necks down and be-
95 33.4 8.8 comes unstable in a fashion similar to the behavior near the
92* 66* 64* drop, except that the distinct transition from primary to sec-

ondary thread is absent at the orifice. This absence of a dis-
tinct secondary thread is in contrast to observations by $BN,
parable decrease in the limiting length. This result is inWho did observe the formation of a distinct secondary thread,

marked contrast to the measurements of limiting length fo2Nd €ven a tertiary thread at the orifice, as discussed in Sec.
an (essentially inviscid fluid (water, and water/surfactant !l (0)- They also observed the tertiary thread at the drop. We

mixtures, for which ZB found (their Fig. 20 that an in- note that we examined the behavior of the primary thread at
crease in surface tension caused an increase in limiting'€ orifice for distances further down the thread than shown
length. in Fig. 3(b), and saw no evidence of the curvature associated

Figure 3a) shows magnified views of the development with the transition from a primary thread to a distinct sec-
of a secondary thread similar to the one beginning to evolv@ndary thread.The resolutions of Figs.(&) and 3b) are the

in Fig. 1(d). [All of the images in Fig. 8) are from one same}

experiment, The drop is visible at the bottom of each image, ~ The large-scale behavior at the drop end in which a sec-
and the primary thread is visible at the top of each imageondary thread evolved from a primary thread occurred in
Figure 3a-i) shows that the primary thread has necked dowrgvery experiment. Figure 4 shows measurements of the dis-
abruptly and is separated from the secondary thread by t@nce from the orifice to the transition region between the
slight bulge. This bulge is presumably due to the ejection ofwo threads as a function of inverse flow rate. There is a
fluid from the region of large curvature. The secondaryslight trend for the distance to decrease with decreasing flow
thread stretches; the bulge becomes more pronounced; themate. The range of flow rates, where 31-134 s/drop corre-

i) @) @) (@Gv) (v) (vi) (vii) (viii) (ix) x) (xi) (xii)

0

(@ (b)

FIG. 3. (a) Transition of the primary thread to secondary thread at the drop. The resolution iaraf8el. The size of each image is 0:46.85 mnf. The
time interval between successive images is 1/12 000s. The lin@siii)) show the reference point for measurements shown in Fig=4106 mn#/s. (b)
Necking of the primary thread at the orifice to a thinner region that becomes ungiiiseresolution is the same as (@ ].
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25— time for the most unstable Rayleigh mode wad0 3 s,

8 ° : which is about the time that passed between the primary
] thread’s pinch-off at the orifice until its length was about
I ] equal to 7D (the length of Rayleigh's cutoff instability
] Since it happens here that the time available for an instability
to grow is about equal to the-folding time for growth, it is
s | . ] not surprising that the primary thread remained stable during
. o . most experiments, but did become unstable in a few experi-
o © o ] ments. Further, despite the presence of wave-like instabilites
" in a few experiments, the primary threads always contracted
A0 e T T T to form only one satellite drop for oils with viscosities of
about 100 mrils. We note that before pinch-off, the time
O~/ (sectdrop) period during which the primary thread was long enough to
exhibit a Rayleigh-type instability was about two orders of
FIG. 4. Distance of the transition region measured from the orifigeto @ magpitude larger than the-folding time for the growth of
line similar to the one shown in Fig(&vii), as a function of inverse flow . .
rate, Q~%, for various temperature¢0) 20.9-21.4°C(C)) 21.5°C;(¢)  the most unstable Rayleigh mode. Nevertheless, instead of
22.4-22.6 °C and corresponding viscositi€%) 106.8—105.7 mAts, () becoming unstable to a Rayleigh-type instability, the primary
105.5 mnd/s, () 103.7-103.3 mAfs. The vertical line at the right is the thread became unstable in a different fashion; it developed
error bar. the secondary thread.
These results are consistent with previous experimental
results. For example, Hauset al?’ did not observe the
sponded to 5.5 and 1210~ ml/s, was such that the experi- Rayleigh-type instability during the contractions of threads
ment always involved a pendant drop, rather than a jet. Thesing glycerol with a viscosity of 881 cP. Store all®
main result shown here is that the location of the transitiorlooked specifically at the end-pinching instability of a de-
region was reproducible to within 3% among experimentformed thread in a quiescent, ambient, viscous fluid. If the
when the temperature, and correspondingly the fluid viscoghread was not long enough for the contraction time to admit
ity, was about constant. When the temperature was increas@dRayleigh-type instability, then the end-pinching instability
by about 1 °C, or about 5%, the viscosity decreased by abowvas the only one observed. If the length was long enough,
2%, and the distance to the transition region decreased Hyren the end-pinching instability occurred first, but capillary
about 5%.[The measurements of the distance to the transiwaves(a Rayleigh-type instabilifyalso evolved.
tion region were taken from images like the ones in Fi@.3 Preliminary experiments with a 200 nifs oil show that
The vertical line in Fig. 8-vii) shows the chosen location of the primary thread does become unstable to a Rayleigh-type
the transition between primary and secondary threads. Thisistability after the formation of a secondary thread at the
point was chosen from the image before pinch-off, at thedrop, but before pinch-off at the drop. In these experiments
location where the width of the secondary thread increasethe wave-like instabilities grew sufficiently large that the pri-
an observable amouint. mary thread broke-up into several satellite drops during con-
The contraction of the primary thread after pinch-off traction. This instability does not appear to be the same as
from the orifice is qualitatively consistent with the numerical the more localized blobs that formed on the neck of a 200 cP
results of Schulke® who used the Navier—Stokes equationsfluid observed by SBN.
to investigate the stability of a contracting fluid filament with Brenner et al® examined the stability of Eggefssimi-
radius R. He showed that the occurrence of end-pinchinglarity solution to perturbations with wavelengths, for
the necking behind, and the separation of, the bulbous endhich | ,t’<\<I,t'"? and found that the perturbations ei-
from the filament, is dependent on the Ohnesorge numbether decayed or grew depending on the value of the similar-
Oh=v(e/yR)Y2 In particular, he found that if GhO(1) ity variable compared to its value at the stagnation point of
then the fluid filament remained stable as it contracted into ¢he thread. They said that the unstable perturbations could
spherical shape. He also noted that his numerical results diirm either necksor blobs where a neck is the instability
not show the growth of a Rayleigh-type instability and con-that we are calling the transition region between primary and
jectured that such an instability was absent because the tingecondary threads, and a blob would include the instability
scale for its growth was large compared to the time scale fothat we are referring to as the wave-like disturbance on the
filament contraction. In the experiments herein,=1h3 for ~ secondary thread. In comparing their calculations with our
the primary thread. It remained stable to the end-pinchingbservations, we find thdfl) the instability of the primary
instability, in agreement with Schulke’s results. Further, inthread to secondary thread could not be explained by their
all but a few experiments, the primary thread was stable to amechanism, and2) the wave-like disturbances on the sec-
Rayleigh-type instability during contraction. For example, inondary thread could be explained by their mechanism.
Figs. 1e)-1(g) there is no wave-like instability on the pri- With regard to(1), the primary thread becomes unstable
mary thread. However, in a few experiments, such a waveto the secondary thread at a time for which>1, so that
like disturbance did grow on the primary thread during itsneither Eggeré’ similarity solution or the range of possible
contraction. This result is consistent with Schulke’s conjecperturbation wavelengths by Brenretral® is valid. Heret’
ture concerning time scales. In the experimentsgtfigdding  is measured with respect to the pinch-off, which occurs in
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the secondary thread after the necking instability. It is notbreakup. The small changes in viscosity and the variations in
measured from a singular time that would have resulted iflow rates(that correspond to pinch-off of a pendant drop,
the primary thread had converged to Eggers’ similarity solutather than breakup of a jeappear to be secondary effects.
tion and then pinched-off. The contraction of the secondary thread shown in Figs.
With regard to(2), Brenneret al® assumed a perturba- 5(h)—5(m) shows that initially the secondary thread does not
tion wavelength in the randgt’ <\ <I1,t'Y2 In the present have a uniform cross-sectional area because the wave-like
experiments| ,=0.4 mm. Then, an upper bound on the dis-disturbances are still evolving on it. Thus, this instability will
turbance wavelength obtained by taking=1 would be preclude the possible end-pinching instability described by
about 0.4 mm. This value is about equal to the wavelength ofchulkes’® and we cannot compare his results to ours. Nev-
perturbations we observe herein, which varied between aboufrtheless, in the contraction of the secondary thread shown in
0.4 and 0.8 mm. Further, the theory predicts that the waveFigs. 3a-x)—3(a-xii), the secondary thread initially has a uni-
like instability should occur on that portion of the thread for form cross sectional area and ©R.6. In agreement with
which £<&, where&* is the value of the similarity variable Schulkes’s calculations for contracting filaments with=€lh
at the stagnation point in the thread. This stagnation point ishis thread does not exhibit the end-pinching instability.
close to the point of minimum thickness of the thread. This The small-scale behavior described above, in which the
prediction is consistent with our data, in which the wave-likesecondary thread became unstable and resulted in pinch-off,
instability occurs on the portion of the thread near the dropoccurred in all of the experiments. However, the details of
the instability were not reproducible among experiments.
B. Small-scale behavior Figure 6 shows a graph of the sizes of the secondary satel-
Figure 5 shows a more magnified view of a secondanyites formed in the secondary thread for each of six experi-
thread similar to the ones evident in FigdlLand the one Ments. The size of the secondary satellites was determined as
shown in Fig. ). (All of the images in Fig. 5 are from one the area of an ellipse with major and minor axes of lengths
experiment. The drop is falling from right to left, so that itis 2@ and 2 corresponding to the measured dimensions of the
visible in Figs. %a)—5(f) at the left of each image and the Secondary satellites. They were normalized by the cross-
primary thread is visible at the right of each image. Figuresséctional area of a right-circular cylinder with diamet®r,
5(a) and 5b) show the secondary thread connecting the drog=1 Pixel (18.5<10" > mm), and height equal toD, which
to the primary thread before instabilities develop. The traniS Rayleigh's® classical cutoff wavelength for the unstable
sition region of large slope between the primary and secondPerturbations of a constant flow, inviscid, jet of diameer
ary threads ends at 20.5 mm from the orifice. The location ofvhen gravity is neglected. The graphed numbers correspond
the right-hand edge of Fig. 5 is 19.7 mm from the orifice. to the order in which the secondary satellite of the corre-
Figure 5c) shows the onset of the evolving instability in sponding size pinched-off in a particular experiment.
the secondary thread, whose slenderness ratio of width to Figure 6 shows that the size of the secondary satellites
length is about 0.005. The secondary thread pinches off firénd the order in which they pinch-off are arbitrary. It appears
at a time between those of Figgdband Fe). The pinch-off  that all but one observed secondary satellite drop has a size
point is 0.73 mm from the drop, showing that pinch-off doesbigger than would result from a disturbance of the size of
not actually occur at the drop. There are further pinch-offs aRayleigh’s® cutoff wavelength. However, this secondary
seen in Figs. 6)-5h). These multiple pinch-offs result in satellite was at the very limit of our resolution. We note that
several secondary satellite drops of varying sizes. Multiplevhen the disturbances grow on the secondary thread, they
pinch-offs and secondary satellite formation were also obcreate thinner regions in which pinch-off occurs. We cannot
served by Kowalewskiin secondary threads during jet resolve the actual pinch-off within these thinner necks or
break-up. Figures(®)—5(q) show that the speeds of the sec- smaller-scale satellite drops that may have formed.
ondary satellite drops are fairly constant as they travel away One similarity in the details of the instability of the sec-
from the pinch-off site, indicating that gravity is not impor- ondary thread, was that the instability occurred first in the
tant in describing their motions in this time period. For ex-leading half of the secondary thread in all experiments. This
ample, the time interval in Figs.(B—-5(q) is 8X10 * s, result is consistent with Brennet al’s® prediction that the
during which time two drops traveled 0.8 mm upward. Thewave-like instability grows wheg<&*. A rough estimate of
effect of gravity over this time period would be to acceleratethe wavelength of the disturbances in each experintest
the drops downward a distance®fLl0”°> mm, which is neg- suming periodicity by counting the number of bulges in a
ligible compared to the drop’s actual motion. given length indicates that the wavelength varied by about a
The length of the secondary thread before pinch-off wadactor of 2 among experiments from about 0.4 to 0.8 mm.
reproducible to within 10%. Its variation from 3.65 to 4.05 Figure 3a-vii) shows an experiment in which the distur-
mm occurred when the viscosity and flow rates were heldance on the first-half of the secondary thread is fairly peri-
constant. It also occurred when the temperature varied bgdic, with a wavelength of about 0.7 mm. This range of
about 5%, corresponding to a viscosity variation of aboutwavelengths is an order of magnitude larger than the most
2%. Further, a variation in flow rate from 31 to 134 s/drop,unstable wavelength given by Rayleigi’scalculation,
i.e. from 5.5 to 1.X10 * ml/s, also resulted in the same which would be 0.08 mm. Kowalewskibserved that the
variation in secondary thread length. Thus, the reproducibilwavelengths of instabilities on the secondary thread observed
ity of the secondary thread length is probably dominated byn jet breakup were orders of magnitude larger than Ray-
the stochastic nature of the instabilities that cause threakbigh’s cutoff wavelength. We note that his secondary
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FIG. 5. Evolution of a secondary thread at the drop undergoing instability and multiple pinch-offs. The resolutiondsnfi@xel. The size of each image
is 0.30< 4.40 mnt. The time interval between successive images is 1/12 006-96.0 mnf/s.

threads, with widths of 1-3um, were about an order of culations. In the present experiments, such a growth in the
magnitude thinner than ours. swollen parts of the unstable secondary thread is not ob-
The breakup of the secondary thread does not look likeserved in the downstream direction.

the classic photographs of externally perturbed jet breakup Figure 7 shows a more magnifi¢than Fig. 3b)] view
examined by, e.g., Donnelly and Glabersbin their experi-  of the detachment of the thread from the remaining liquid at
ments, a single photograph shows that the swollen part of thée orifice.(All of the images in Fig. 7 are from one experi-
jet due to the growing wave grows in the downstream dis-ment) Here, the drop, which is not in view, is falling from
tance. Their measurements show that this growth is exponemight to left. The liquid remaining at the orifice is at the
tial with a constant rate well-predicted by Rayleigfi'sal-  right-hand side of each image; the orifice itself, indicated by
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ellite drop closest to the orifice in Figs(dgf—7(i). During

L 3 4 ] this period, the velocity of an arbitrary secondary satellite

L 3 ] drop varies and may be either positive or negative. After its
shape becomes essentially constant, its speed also is essen-
tially constant. This behavior is seen for the same secondary

1 satellite drop in figures ()—7(s).

mab
nD?

L 1 . C. Speeds of the retreating threads
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r 2 ] Figure 8 shows a comparison of measured speeds of the
R i retreating secondary threads in three experiments with
0 . 3 . . ] Eggers® prediction, (1) with (2). The data displayed are for
1 2 3 4 5 6 broken secondary threads that retreated to the primary
Experiment # thread; the behavior was qualitatively the same whether the
retreat was to the drop or to the primary thread. In all of the
FIG. 6. Distribution of the size of the secondary satellite drops and theirexperiments shown in Fig_ 8, the measured speeds were ob-
order of_ formation in six experiments. The dashed line e;timates the.size chained from the last of multiple pinch-offs along the second-
a satellite drop that would have resulted from a Rayleigh mode with the .
cutoff wavelength. The vertical line at the upper right-hand side is the erroflY thread. The symbols represent the measurements; the
bar. Viscosities are: experimeri) 102.5 mn¥/s; (2) 100.3 mni/s, (3) solid curve is(1) with (2). In this comparison we chodg
96.4 mnils; (4) 96.2 mnf/s; (5) 96.2 mnf/s; (6) 96.0 mni/s. =0 to be the time halfway between consecutive frames be-
fore and after pinch-off.

The squares are from the pinch-off shown between Figs.
the vertical line at the top right-hand side of Fig. 7, is 0.095(g) and 5h). There is a bulge at the tip of the retreating
mm from the right-hand side of the image. Unlike the evo-thread due to the instability of the secondary thread. The
lution of the primary to secondary thread that occurred at thespeed of the retreating thread is fairly constant until this
drop, the primary thread at the orifice appears to neck dowbulge joins the primary thread in about Fignbfor which
monotonically until its width is about the same as that of thet’ ~0.4. Here, there is an abrupt drop in the velocity of the
secondary thread at the drdjpVe note that observations fur- retreating thread’'s speed that is apparent in Fig. 8. The
ther down the thread, out of the range of Fig. 7, do not showeircles in Fig. 8 are from another experiment exhibiting simi-
regions of curvature corresponding to a transition from pri-lar behavior. This sudden drop in thread speed was common,
mary to secondary thregdThen, similar instabilities occur since many of the retreating threads were characterized by a
and pinch-off follows. Figures (@)—7(c) show the mono- bulge due to the instability of the thread.
tonic necking of the primary thread. Figure&y and %e) The diamonds represent an experiment in which pinch-
show the formation of an instability. FigurdfY is the first  off occurred so near the primary thread that the bulge re-
image after pinch-off. The average distance between the twtoeated within one frame and the width of the retreating
retreating tips in Fig. () is 1.23 mm from the orifice, show- thread remained about constant during the remainder of the
ing that pinch-off does not occur at the point of maximumretreat; such experiments did not demonstrate the sudden
curvature near the orifice. A second pinch-off is observed irdrop in speed.

Fig. 7(g). The resulting secondary satellite is imparted with In general, the measured velocities are overpredicted by
upward momentum so that it finally joins the liquid remain- (1) with (2) by a factor of about 2 or 3 for 02t’<0.4 and
ing at the orifice in the last image. by an order of magnitude fdr =0.4. Fort’<0.1, the mea-
The most prominent difference between the pinch-offsurements and predictions do not agree; the predictions be-
behavior of the primary thread from the drop and from thecome infinite ag’— 0, and we cannot resolve the speeds of
orifice is the formation of a distinct secondary thread in thethe retreating threads a$—0. Eggeré® suggests that the
first case and no such formation in the second. This result ipredictions are larger than measurements because the theory
in contrast to previous results reported by SBr a fluid  does not take into account air drag on the retreating threads.
with a comparable viscosity, a 100 cP glycerol and watefThe behavior shown in Fig. 8 for three experiments is repre-
mixture. In their experiment, both secondary and tertiarysentative of all our experiments.
necks were observed at the orifice, just as were observed at Brenneret al?® measured the widths and distances of
the drop. The main difference between their experiment andetreating threads from the pinch-off point as a function of
ours was the size of the orifice, about 20 mm in diameter fotime for high Reynolds-number flows. These quantities grew
SBN and 3.84 mm herein. Another difference is the values ofike t'?, in agreement with the power law determined by
surface tension of the two fluids. Theirs was probably abouKeller and Miksis®® who used scaling arguments for invis-
66 g/¢ (based on the measurement of 85% glycerol and waeid, surface-tension driven flows. The 2/3 exponent assumed
ter mixture reported by Z8), while ours was 21.5 ¢fs that the shape of the recoiling tip was initially conical, which
The motion of the secondary satellite drops at the orificeappeared to be true in the experiments. Breretal 2’ re-
is similar to the motion of their counterparts at the drop. Thatport, however, that numerical simulations, which resolved
is, initially after the thread pinches off at the orifice, the the threads closer to pinch-off than was possible in experi-
shape of the secondary satellite drop changes significantijments, showed more complicated behavior. The shapes of
over a short time interval. An example is the secondary satthe simulated tips were not simply conical, and exhibited a
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FIG. 7. Evolution of the primary thread during its pinch-off from the orifice. The resolution is ABpixel. The size of each image is 0:28.69 mn?. The
time interval between successive images is 1/12 000 s. The line at the top, right-hand side shows the location of the=drffie)nt/s.

“crossover” from one conical region to another of different 2—4 were characterized by a bulge that was present initially;
size. They noted that in order for the time dependence o& jump in velocity occurred when the bulge joined the pri-
retreat to follow a power law, the initial shape of the retreat-mary thread. In experiments 2—4a the thread was retreating
ing thread must follow a power law. If the distance of the pefore the bulge joined the primary thread; in experiments
thread from the pinch-off point follows a power law in time 5_4p the thread was retreating after the bulge joined the
away from pinch-off, then the velocity of the retreating hiimary thread. This behavior is shown in Fig(tBe squares
thread must algo f‘_’”OW a power law. . in Fig. 8 and experiment 3 in Table Il. The circles in Fig. 8
thre-argsdheetferirg"r]lg dlfatgﬁwﬁl?:x%ipggh dcgng:ee irgtreatlng correspond to experiment)ZThe exponents for the retreat-
T ing threads in experiments 2—4a are1/2, while those for

Vtip:Ctria: ©) experiments 2—4b are>1. This marked difference is con-
we graphed the measured velocities on a log—log scale. Rrésistent with the notion that the speed of the retreating threads
sults are listed in Table II. depends on its shape.

Experiment 1 in Table Il corresponds to the diamonds in ~ Experiments 5-7 are characterized by threads that broke
Fig. 8, in which the shape of the retreating thread remaineé@ second time during their retreats. Results given for experi-
fairly constant throughout the retreat. Threads in experimentments 5—7a are from the first breaks in these experiments;
Phys. Fluids, Vol. 9, No. 11, November 1997 Henderson, Pritchard, and Smolka 3197
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2—4b there were no bounds on the choicesydbecause in
these experiments there were no additional pinch-offs. The
experiments depicted by squares and circles in Fig. 8 shows
that in these type of experiments the velocities abruptly
dropped when a bulge on the secondary thread joined the
primary thread. Brenneet al® explained that a necking in-
stability on the thread shifts the singular time. Here, the
bulge on the retreating thread could play the role of the neck-
ing instability; thus, it is reasonable to assume that the
threads in experiments 2—4b may also follow a power law,
but referenced to a different singular tintg,

In most experiments, the velocities did follow a power
law. Figure 9 shows graphs of three experiments, the ones
with the best and worst correlations to a line, and one with an
exponenta>1. These results are also given in Table Il

FIG. 8. Speeds of the retreating tips of the secondary threads after pinch-off ~ Table Il also shows images of the experiments in the first

for three representative experiments. Symbols: d&ia v=96.6 mni/s;
(O) v=96.0 mnts; (¢) v=96.2 mni/s; (—) prediction using1) with (2).

frame after pinch-off, or in the frame at which the velocity
abruptly dropped due to a bulge joining the remaining fluid
(experiments 2—4b The images are presented to show the

those given in experiments 5—7b are from the second break#itial shapes of the retreating threads, which are required by
Again, the first break has very low exponents, while the secthe similarity laws. If the shapes of the retreating threads

ond break has exponents closer to, but less than, one. were initially parabolic, then the threads should have re-
To determine the power-law dependence, the time fotreated witha=0.5, in accordance with Egge?s’similarity
pinch-off, t;, was used as a free parameter. It was variedsolution. If the shapes were initially conical, they should
until the data followed a line with a correlation coefficient have retreated witlv=1/3, in accordance with Keller and
listed in Table I1. The starting point for estimatingwas the ~ Miksis'* similarity solution. The large variations in mea-
time halfway between the frame before and after pinch-offsured exponentsy, are consistent with the large variation in
in experiments 1, 2—4a, and 5—7a,b. Since we were unable ioitial shapes as shown in Table II.
resolve the pinch-off time more closely, we varigdby an The inviscid scaling law given by Keller and Miké?s
amount(1/24 000 $ corresponding to the frames before andsays that if the radius of the threati~z? while Viip
after pinch-off in these experiments. The values within these-t’ ~ ¢, then8=(2a)/(1— ). (This scaling law is also found
bounds that gave the highest correlation coefficients weren Brenneret al?®) The values forB determined from the
chosen for the results depicted in Table II. In experimentsneasureda listed in Table Il for experiments 3—7a are

TABLE II. Correlation coefficients of a power-law fit of data to a line and measured constants and exponents correspdBilifag s®ven experiments
exhibiting behavior described in the text. Experiments 1, 2a, and 7a correspond to data shown in Fig. 9.

Experiment# gggé_}g?e‘;‘: C a Images of retreating threads after pinch—off
1 0.94 030 146
2a 0.99 3.78 0.42
2b 0.94 0.27 1.35
3a 0.84 8.31 0.09
3b 0.94 0.24 1.12
4a 0.91 7.04 0.15
4b 0.97 0.22 2.02
S5a 0.76 6.80 0.11
5b 0.97 0.45 0.94
6a 0.85 5.06 0.14
6b 0.92 0.45 0.76
Ta 0.70 5.95 0.09
7b 0.99 0.57 0.60
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the drop to the orifice. It does not become unstable to a
Rayleigh-type instability; instead, the primary thread be-
comes unstable to a secondary thread about 1/10 its width.
This secondary thread does becomes unstable to a Rayleigh-
type instability, resulting in pinch-off of the drop. For both
the primary thread and the secondary thread, the slenderness
ratio of width to length is about 0.005. It is not clear why the
secondary thread and primary thread exhibit different types
of instabilities. The pinch-off of the drop is not at the point

of maximum curvature behind the drop—it is between the
disturbances on the secondary thread. The instabilities on
this secondary thread do not have a preferred wavelength.
The wavelengths are an order of magnitude larger than the
most unstable Rayleigh mode. Pinch-off at the orifice is dif-
ferent from pinch-off at the drop in that a distinct secondary
thread does not form at the orifice. The speeds of the retreat-
ing tips follow a power law in time away from pinch-off.
The power depends on the shape and the length of the re-
treating thread.
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